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Chapter 1

Neutron Scattering in
Magnetism: Fundamentals
and Examples

Javier Campo and Victor Laliena

Aragon Nanoscience and Materials Institute, Spanish National Research
Council (CSIC) - University of Zaragoza, C/Pedro Cerbuna 12, 50009 Zaragoza,
Spain

Abstract. In this chapter, an up-to-date survey of theoretical concepts
and experimental results in the field of the neutron scattering techniques
applied to magnetism, and their relevance to experiments in real materials,
is presented. Main emphasis of the chapter is to enlarge the use of these
techniques among the researchers (physicist, chemists, engineers, etc... )
in the area of magnetism and magnetic materials. For that reason we do
not enter deeply in topics as, neutron production, neutron optics, detectors,
instrumentation, etc... but, we focused the chapter on the neutron scattering
applications in such a field.

Along this chapter, together with some basic concept on, quantum me-
chanics, solid state physics, magnetism, and symmetry, we introduce the
main theoretical concepts, peculiarities, and language, of the neutron scat-
tering techniques, and we particularize it to the crystalline matter. In a
second part, we briefly introduce the most commonly employed techniques
(powder diffraction, single crystal diffraction, polarization analysis, inelastic,
SANS, reflectivity, etc...) and how these techniques are applied to under-
stand different magnetic phenomena and magnetic materials, trying to cover
a large variety of topics with interest in magnetism. Every time, the exam-
ples showed here, show how neutrons can enlighten problems that are quasi
impossible to be solved with other techniques.
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6 Javier Campo and Victor Laliena

1.1 Introduction

Since the fifties, when the first experiments using neutrons beams were re-
ported, the neutron scattering techniques are of paramount importance in
the study of any type of magnetism and magnetic materials. It is due to the
fact that the neutron carries a spin, and therefore a magnetic moment, that
can interact, via the dipolar magnetic interaction, with the different sources
of magnetism in the matter (unpaired electrons, magnetic nuclei, etc...).
In this chapter, it is not intended to deduce from the scattering theory all
the equations governing the scattering, magnetic or nuclear, of neutrons by
matter, but only the mathematical expressions, and their approximations,
necessary to understand the experiments are described.

Different sets of canonical experiments, related to different neutron scat-
tering techniques, will be explained bearing in mind that the goal of the
chapter is to motivate the readers by showing how the neutron techniques
can help in their scientific problems in the area of magnetism.

The chapter is organized as follows. In section (1.2) the fundamentals of
thermal neutron scattering theory will be explained, giving only the minimal
information to understand the meaning of the formulae and the approxima-
tions employed to obtain them. In section (1.3) the scattering theory will be
particularized for crystalline matter and in section (1.4) a brief deduction of
the scattering of polarized neutrons is given.

In section (1.5) the concepts of magnetic space groups and the formal-
ism of the propagation vector to describe magnetic structures is introduced.
Then the powder diffraction techniques, explaining a little bit the Rietveld
method, is presented in section (1.6). Applications of single crystal neutron
diffraction with unpolarized neutrons are explained in (1.7). In sections
(1.8) and (1.9) the use of polarized neutrons in single crystals, by explor-
ing the potentiality of Blume-Maleev equations, is highlighted. The Small
Angle Neutron Scattering (SANS) techniques are also often employed to
solve important problems in magnetism; physics of magnetic nanoparticles,
magnetic clusters, skyrmions, etc... In section (1.10) examples of the use
of these techniques in cubic helimagnets to characterize skyrmionic phases
will be shown. Some ideas of magnetic inelastic scattering are described in
section (1.11) and finally other neutron scattering techniques (Neutron Spin
Echo, Neutron Reflectivity and Quasielastic Neutron Scattering), initially
developed to study soft matter and that now are more and more employed
in magnetism, will be explained in section (1.12).

An introduction to the application of neutron techniques to magnetic
materials, with a focus on the physics behind the instrumentation and gen-
eral data analysis for SANS, reflectivity, and diffraction, has been described
in the previous chapter.

The chosen examples in this chapter comprise several materials showing
different magnetic behaviors; spin glasses, cubic helimagnets, skyrmions,
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Random Fields, solitons, single molecule magnets, organic magnets, multi-
ferroics, battery electrodes, molecular rotors, etc...

Before starting, let us describe briefly the conventions used in this chap-
ter. Although in general it is uncommon in physical literature, we found
it convenient to adhere to the crystallographic and spectroscopy conven-
tions, and define the wave number as the inverse of the wavelength and
the frequency as the inverse of time period, without the 27 factors that
are present in the more common convention. As a drawback, the 27 fac-
tors appear in the exponential factors of the Fourier transforms, but they
disappear from many expressions, as for instance from the normalization fac-
tors of the Fourier transform. The symbol h denotes the Planck constant!,
h ~ 6.626 x 10734 Js, and, as usual, i = h/27. Energy and momentum are
related to frequency and wave number by E = hv and p = hk, respectively.

1.2 Fundamentals of Neutron Scattering

1.2.1 Properties of neutrons

The neutron is a baryon, an elementary particle formed by three quarks
bound by the strong interaction. Its mass, m=1.67x10"2" kg =939.6 MeV/c?,
is almost equal to the proton mass, and it has an intrinsic angular momen-
tum, or spin, of magnitude /A/2. The neutrons are thus fermions and obey
the Fermi-Dirac statistics. Neutrons are stable within the nuclei, but free
neutrons are unstable, decaying via the weak interaction into a proton, an
electron, and an antineutrino, with a mean life of ~881 s. Although it is
a neutral particle, its constituent quarks are charged and thus the neutron
interacts electromagnetically. Its dipolar electric moment does vanish, or, if
it does not, it is extremely small: at the time of writing, the latest experi-
mental result is quoted as (0.0 & 1.14a¢ + 0.25y5) X 10726 |e| - cm, where the
subscripts stat and sys stand for the statistical and systematic contributions
to the uncertainty, and e < 0 is the electron charge [1]. Therefore, the elec-
tromagnetic interactions of neutrons are dominated by its dipolar magnetic
moment, described by the quantum operator

_ 1,
fin = —YHNZ0, (1.1)
where pux =~ 5.05 x 10727J/T is the nuclear magneton, v = 3.826 is the
neutron g-factor, and & are the Pauli matrices acting on the neutron spin
space.
Neutrons are produced in nuclear reactions and as a product of the
fission of heavy nucleus, such 2°2Cf, 23U, etc... It is difficult to have intense

1Occasionally, the symbol h will be used to denote one of the Miller indices, but the
context will resolve any ambiguity
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neutron sources. At present, such intense sources are of two types: nuclear
reactors, in which the neutrons are a by-product of the fission of the nuclear
fuel, and spallation sources, in which neutrons are produced when a beam
of high energy protons, accelerated by linear accelerators (LINAC), impacts
on a heavy metal target.

According to their energy, in meV, neutrons are customarily classified
into cold (0.1-10), thermal (10-100), hot (100-500), and epithermal (>500).
The rest energy of the neutron is many orders of magnitude higher than the
kinetic energy of these kind of neutrons, which are thus non-relativistic
particles, with energy given by E = h%k?/2m, where k = 1/ is the wave-
number and A\ the wavelength. This has a very interesting consequence
for the study of condensed matter systems, since the wavelength of neutrons
with energy of the order of meV, which correspond to the excitation energies
of many systems, is in the range of the A, which corresponds to the inter-
particle distances in the systems. In comparison, the energy of the X-rays
with such wavelengths is in the range of the keV, orders of magnitude higher
than the excitation energies of condensed matter systems.

Being a spin 1/2 particle, the quantum state of a free neutron is com-
pletely characterized by the three components of its wave-vector, E, which
form a continuous set, and a two component spinor which characterizes the
spin state, or polarization state of the neutron, denoted by |o). Each spinor
is the eigenstate of the projection of the spin operator ¢ onto the direction
determined by the expectation value of the spin operator in this polariza-
tion state, (o] |o), which is a unit vector. The polarization state of the
neutron is completely characterized by this unit vector which is called the
polarization vector of the neutron. In a beam, different neutrons may be in
different polarization states. The polarization vector of the beam, ]3, is de-
fined as the average of the polarization vectors of all neutrons. Oviously, its
modulus satisfies P < 1. The polarization states of the beam is statistically
described by a 2 x 2 density matriz operator,

0= 3 low) oul. (12)

where n labels the neutrons in the beam, N is the number of neutrons,
and |o,) stands for the normalized spin wave function (spinor) of the n-
th neutron. The density matrix is hermitian and satisfies Trp = 1 and
Tr(od) = P. The only 2x2 hermitian matrix that satisfies the two conditions
is
1 5 =
g:§<Ig+P-a), (1.3)

where I is the two dimensional unit matrix. The probability of finding a
neutron of the beam in some arbitrary polarization state, |o), is given by
the expectation value of the density matrix in this state, (o] o|o), as can be
readily checked. Notice that the expectation values on all possible states,
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|o), fully determines the density matrix. The eigenvectors of p are those of
P&, and its two eigenvalues are given by (1£ P)/2. A beam with P=0
is called an unpolarized beam. In it, all polarization states have the same
probability.

Notice finally that an orthonormal basis on the neutron spin space is al-
ways associated to a given direction, defined by some unit vector 4. There-
fore, if the first vector of the basis is the eigenvector of 4 - & with positive
eigenvalue, the second vector is the eigenvector with negative eigenvalue.
Hence, choosing an orthonormal basis in spin space is tantamount to choos-
ing a quantization axis, and the vectors of the basis are the eigenstates of
the projection of the spin operator onto the quantization axis. If we choose
the quantization axis along the beam polarization direction, the vectors of
the basis are the eigenstates of the density matrix.

1.2.2 The scattering problem

In a scattering experiment a probe, in our case a neutron beam, impinges a
target and the resulting scattered beam is detected at a large distance from
the target. The spatial and energy distributions of the scattered neutrons
provides a considerable amount of physical information about the target.
The incoming neutron is described by a plane wave with wave-vector k; and
a spin state |o;), which is one of the eigenstates of the incident beam density
matrix, g;. If the beam is unpolarized, any orthonormal basis in spin space
can be taken. If the state of target before the interaction is |¢;), the initial
state of the composite neutron-target system is written as \/;:}Ji; ©i). A long
time after the scattering took place there will be a certain probability that
the composite system is found in the state |Efaf; ¢f). The spin state of the
scattered neutron can be referred to a quantization axis different from that
of the incoming beam, that is, the orthonormal basis {|oy)}, need not be the
same as the orthonormal basis {|o;)}.

In the scattering experiment the initial neutron beam is prepared accord-
ing to some convenient specification and the scattered neutrons are detected
by detectors conveniently distributed around the target. The differential
scattering cross section is defined as the number of neutrons scattered in
the direction l%f per unit time, solid angle, degf, and energy, dF ¢, normal-
ized by the neutron flux, which is the number of incident neutrons per unit of
time and beam cross section area [2]. If Hiy is the interaction Hamiltonian
operator for the neutron and the target system, the differential scattering
cross section in the lowest order pertubation theory is given by

d?o k 2rm\? - -
(W) % (?) | yoy; or| Hine [Kios; @) PO(Ep, — By + hv),
f of

(1.4)



10 Javier Campo and Victor Laliena

where E,, and E, are the energies of the target before and after the in-
teraction, and hv = E; — Ey is the difference between the energies of the
incident and scattered neutron. Although the above formula cannot be rig-
orously derived in a few lines, since it requires the application of scattering
theory [2], the origins of each ingredient entering (1.4) can be easily un-
derstood. The Dirac delta function, é, enforces the conservation of energy
in the whole neutron-target system a long time after the interaction took
place, when the interaction energy is negligible. The matrix element of Hiyt
is the lowest order perturbation theory approximation to the probability
amplitude that the composite neutron-target system is found in the state
|Efaf; @r) after the interaction took place. Its modulus squared divided by
h gives the probability per unit time of finding this final state (compare
for instance with the Fermi Golden rule [3]). The density of final neutron
states (per unit energy and per unit solid angle) is mky/ h?, what accounts
for the ks factor and one m/h? factor. And the incident neutron flux is
proportional to the neutron velocity, hk;/m, what introduces the k; in the
denominator and another m/h factor.

The initial target pure state, |¢;), is unknown. It is assumed that the
target is in equilibrium, so that its quantum state is actually mixed, given by
the density matrix corresponding to the Boltzmann distribution. This means
that we have to average the right hand side of expression (1.4) over the initial
target states, |¢;), with the Boltzmann weight P, = exp(—FE,,/ksT)/Z,
where T is the temperature, kg the Boltzmann constant, and Z the canonical
partition function that ensures the normalization ), Py, = 1. The final
state of the target, |¢r), is not observed, so that we have to sum over all
of them. Analogously, we have to average over the polarization state of
the incident neutron, |o;), which has a probability p,, = (03| 0i |0:), and, if
the polarization state of the scattered neutron is not observed, we have to
sum over |of). To be general, we assume here that it is observed. Finally,
there are properties of the target that influence the scattering result that
are usually not under control. An example is the isotopic distribution of
the nuclei. These properties have to be treated as a disorder and we have
to average over them with the proper disorder distribution. We denote this
average by a horizontal bar over the quantities that are averaged. Taking
all this into account, (1.4) becomes

< d?o ) _ﬂ(%’m>2
a0 dE; ) kR

D" Do, Po,| (kpop; | Hine |Kiri; 03) [20(Ey, — Egy + hv).
0iPiPf

(1.5)

Neutron interactions at low energy do not depend on neutron momen-
tum. Hence, the interaction Hamiltonian contains no derivative with re-
spect to the neutron coordinates. Since the neutron wave functions are
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plane waves, the matrix elements entering the cross section can be partially
evaluated as

(Erog; of| Hins Kioss i) :/d?’?“eiQ”ﬁ(Uf\<<Pf\7iint(77;---)!<ﬂi> oi), (1.6)

where 7 is the neutron position, and the ellipsis stand for the target degrees
of freedom on which the interaction hamiltonian depends: the position and
momentum operators of the i-th target particle, 7; and pj, respectively, and
any other operators, like the spin of the i-the particle, I;. We have introduced
the scattering vector, ¢ = /Z, - Ef, which is proportional to the momentum
transfer vector.
It is convenient to define the amplitude operator

Ag = 27;_2771 dr T Hy (7 PP STNp PNp NG ), (1.7)
which is a matrix in the neutron spin degrees of freedom and an operator in
the Hilbert space of the target. It has the dimensions of a length. In terms
of Az, the cross section reads:

d20' ) ]{?f Z
o | =25 Y pePax
<kodef o k; oioes (1.8)
(il (ol ALlop) lor) (1] (o7l Ag o) [i03) 8( By, — By + hv).

We can write an interesting expression for the cross section by inserting
in (1.8) the Fourier representation of the Dirac delta function

1 [ _; _
O(Ep, — By +hv) =5 / dt ¢ 2B =B thu)t/h (1.9)

—0o0

and using the relations e et/ |0y = U(t) |p1), (o7l e Fert/h — {pr|UT(2),
and

UT(t) Az UE) = Az (1), (1.10)

where U(t) is the time evolution operator of the target in the Schrodinger
picture and Az (t) is the Heisenberg operator that coincides with Az at ¢t = 0.
Using the notation (O) for the thermal quantum average of any operator O,

(0) =) Py (¢l Olp), (1.11)
")

we get

&0 Ry [T ionu ¥
(WL =5 [ pa{ el A0 o) (orl Agt) )

—0o0 o

(1.12)
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The sum over o; gives the density matrix of the incident beam, g;, so that
the above equation can be written as

d20' kf 0 Jt Ciommt :

dQ; dE; Tk e T 7 o Aglt) 0i), 1.1

(kodef> ki ) o he T <./4q(0)73 ¢ Az(t) o > (1.13)
gf

where Py, = |oy) (07| is the projector onto the neutron final spin state, and
Tr stands for the trace in neutron spin space.

We see that the cross section contains a big amount of information about
the target. The interaction Hamiltonian and Az depend on the degrees of
freedom (coordinates, spin, etc.) of the target particles. Equation (1.13)
shows that the scattering cross section is related to the Fourier transform
of the time correlation function of the target degrees of freedom involved in
the interaction with the neutron.

We find it convenient to use the following notation for the Fourier trans-
form of the time correlation function of two operators A and B acting on
the target Hilbert space:

), = [~ S a0 B0) (1.14)

so that we have the compact expression:

d20' kf T

7 —T— = =T Py, Az 0i) - 1.1

(dQ/%def> BT AP Avei, N
o

The sum over a complete set of orthonormal final polarization states gives
the intensity of the scattered beam, relative to that of the incoming beam,
propagating along l%f with energy between E; and Ey + dEy. Taking into
account that Zaf Po, = Iy, this intensity is given by

k e
Iz = k—f; Tr (AL Az0:) . (1.16)

The density matrix of the scattered beam, g, can be obtained from equation
(1.12), and from it the polarization vector of the scattered beam, which is
given by

. 1 R
Pr=—"Tr (AL5 Az0:) . (1.17)
qv

For ¢t — oo the correlation between two operators disappears, and we
have
lim (A(0)B()) = lim (A(0)) (B(£)) = (A) (B). (1.18)

t—o00 t—o00

where we used the invariance of the system under time translation and the
fact the Heisenberg operators coincide with the Schrédinger operators at
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t = 0. If the product (A)(B) does not vanish, then (AB), is singular, since
the integrand of the right-hand-side of (1.14) does not vanish for ¢ — oo.
We may isolate the singularity by substracting (A)(B) from the integrand,
what makes the integral convergent (non-singular), and adding the remain-
ing part, which is

| e a) (8) = o) (a) (B). (1.19)

—00

so that we have

@B), = [ S (AOBW) - () B)]+ 5(hw) (&) (B) . (120)

—00

Applying equation (1.20) to (1.15), we separate the scattering into elastic
and inelastic:

d*c d2o© 2g
| =\ | T o (1.21)
dQ,;f dEy o dQ,;f dEy ” kof dE; ”
where
i §(E,— E As) o (Al 1.22
af

is the elastic scattering cross section and

d?a kg
ot | = (Al AP, (A A o) . (123
(kodef kz ( q < q>) O'f( q < q>) QZ y ( )

of
is the inelastic scattering cross section. We used the properties of the trace
operation to write the elastic cross section in the form of equation (1.22).

It is customary to present the integrated elastic cross section by inte-

grating (1.22) over dEy:

(@) -
<ZQA ) = (07| (Ag) 0s (AD) |o) (1.24)
kp of

One has to bear in mind that k; = k; in the above equation.

The probability of finding a neutron in the scattered beam with polar-
ization state oy is given by (of| of |oy), where gy is the spin density matrix
of the scattered beam. From equation (1.24) we see that for the elastic
scattered beam gy is given by

1

Qf:ﬁ
q

(Ag)ei( AL, (1.25)

q
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where -
I; = (o7l (Ag) 0i (AD) loy) (1.26)

of
is proportional to the intensity of the elastically scattered beam in the lzzf

direction. Therefore, the polarization vector of the elastically scattered beam
is given by

B = qu ™ ((Ag)oi(AD) 7). (1.27)

Let us stress that oy and ﬁf depend on the direction at which the scattered
beam is observed, given by k¢. The above equations will be used later in the
introduction to polarization analysis.

1.2.3 Neutron interactions at low energy

Let us study the interaction Hamiltonian of low energy neutrons with matter.
A free neutron interacts with an atom through two kind of processes: the
nuclear interaction with the nucleus, and the electromagnetic interaction
of the neutron magnetic moment with the charge of the nucleus and the
electrons.

The nuclear force is very complex and strong, so that it cannot be treated
perturbatively in general. However, it is also extremely short ranged, its
range being orders of magnitude shorter than the wavelength of slow neu-
trons (with energies smaller than a few eV). Therefore, slow neutrons are
effectively scattered off a point like nucleus, and in this case the scattering
is essentially isotropic: only the s-wave gives a substantial contribution to
the amplitude of the scattered wave, which therefore is given by

Ps(7) = —2 el2mkr, (1.28)
where k is the neutron wave-number, 7 is the vector position of the neutron
relative to the nucleus, and b is the so called scattering length, which in
general is a complex number. The minus sign is conventionally chosen so
that the real part of b is positive for a repulsive force. The imaginary
part of b is only significant in the vicinity of capture resonances, that is,
for nuclei that strongly absorb slow neutrons. All the complexity of the
nuclear force is embodied in the scattering length, which can be obtained
from measurements. This allows us to construct an effective potential, the
Fermi pseudopotential [4], which gives the exact result for scattering in the
lowest order of perturbation theory (the first Born approximation):

Vi (F) = . bo(7), (1.29)

2mm
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where m is the neutron mass and () the Dirac delta function. Indeed,
an elementary application of perturbation theory gives (1.28) and o ~ |b|?
from the potential (1.29).

It is worthwhile to stress that (1.29) is not the complicated true nu-
clear interaction Hamiltonian, which is strong and non central. The Fermi
pseudo-potential is a simple way to describe effectively the scattering of
slow neutrons with a single parameter, b. The scattering lengths may be in
principle computed from the nuclear interaction Hamiltonian, but this is a
formidable problem. Fortunately, they are available from measurements.

The fact that the size of the atom is ~ 1 A = 10719 m, the size of the
nuclei is ~ 107 m, and the short range of the neutron-nuclei interaction
has as immediate consequence the high penetration power of neutrons in
matter, except if there are absorbing isotopes. We can say that from the
point of view of neutrons, the matter is empty, because they only see the
nuclei which are ~ 10* times smaller than the atoms. This consequence
facilitates the experiments with neutron beams using very complex sample
environments, which are easily traversed by the neutrons. We will explain
later that neutrons are also able to see the unpaired electrons at the atoms.

The nuclear interactions depend strongly on the spin of the nucleus and
the neutron, and the above discussion holds for given total spin states of
the neutron-nucleus system. That is, b in the above equations depends on
the total spin of the neutron-nucleus system, which can take two values:
J* = I+ 1/2, where I is the total spin of the nucleus?. Therefore, we
have actually two scattering lengths, b™ and b~, corresponding to the two
composite states with total spin J* and J~, respectively. This dependence
on the total spin can be taken into account by introducing a scattering
amplitude operator, B, which, due to the rotational symmetry, can be written
as [5]

1, -

B=A+B5é-1, (1.30)

where the components of matrix vector & are the Pauli matrices that act on
the neutron spin degrees of freedom, Z is the nucleus spin operator, and

1
A= I+1)bt +1b~ B

2
2l +1

(bt —b7). (1.31)

Thus, we have to substitute the complex number b in (1.29) by the operator
in spin space B. If the target contains N nucleus, labelled by the index n
and located at R,, the nuclear interaction Hamiltonian is

m _ b

int

H

N
G- > Bad(F - Rn), (1.32)
n=1

2Note that since we are dealing with s-wave scattering, the total spin of the system is
conserved.
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with B,, given by (1.30).

The electromagnetic interactions are long ranged but very weak, and
thus can be treated perturbatively in the Born approximation. In the scales
involved in the problem, the neutron can be considered electromagnetically
as a neutral point particle with a magnetic moment. Any other residual
electromagnetic interaction originating from the internal structure of the
neutron (higher order multipoles) is much smaller than the magnetic dipolar
interaction. Since the nuclear magneton is two orders of magnitude smaller
than the Bohr magneton, the interaction of the neutron magnetic moment
with the nucleus is about two orders of magnitude weaker that the interac-
tions with the electrons. The neutron-atom electromagnetic interaction is
thus dominated by the interaction of the neutron magnetic moment with the
electrons [6-8]. Generically, the electromagnetic interaction is introduced by
substituting the momentum operator of the particle, P, by p'— qff(f' ), where
q is the electric charge of the particle and /T(F ) is the electromagnetic vector
potential at the position of the particle. To this we have to add the dipole-
dipole interaction between the intrinsic magnetic moments of the electron
and the neutron, which is of relativistic origin, and is derived from the
Dirac equation [8]. The dipole-dipole interaction potential can be written
alternatively as the energy of the electron intrinsic magnetic moment in the
magnetic field created by the intrinsic magnetic moment of the neutron, or
as the energy of the neutron magnetic moment in the magnetic field created
by the intrinsic magnetic moment of the electron. We will use the former
form.

The vector potential at a point 7; by the magnetic moment of the neutron
in, located at point 7, is

Ay —7) = oy, (1.33)

It originates a magnetic field

—

én(ﬁ - 7?) = Z—;V] X <V] X $> = @V X (V X _‘,Uinf)|> ’ (1'34)

7 ~71) 4 7 -

where V and V; stand for the gradient with respect to 7" and 7, respectively,
and jo = 47 x 107"H/m is the vacuum permeability.

Let us write the Hamiltonian, H, of the system composed of a free neu-
tron of momentum k and position 7 and a system of N, electrons and N,
nuclei. Let us denote by p; and 7 the j-th electron momentum and position,
respectively, and by ﬁn, ]3”, and M, the n-th nucleus momentum, position,
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and mass, respectively. We have

Nn

H = Z—P2+sze[ —eA(rj)rJrUs(Fj,én)

(1.35)
]{?2 + Hlnt ZM] n j )7

where Us contains the interaction of the electron-nuclei system, fi; is the
magnetic moment operator of the j-th electron, and /T(F]) is the total vec-
tor potential at the position of the j-th electron, and is a superposition of
the internal vector potential of the electron-nuclei system, AS, any applied
external field, Aext, and the vector potential due to the neutron, Ay

A7) = As(7) + et (7)) + Au(7 = 7). (1.36)

Notice that the vector potential is absent from the neutron kinetic energy

term since it is a neutral particle, and, as discussed before, it is neglected

in the nuclei terms. The last term in (1.35) is the dipole-dipole interaction

between the electrons and the neutron. One has to bear in mind, when

dealing with (1.35), that momentum and position of the same particle do not

commute: they are operators that satisfy canonical commutation relations.
Let us write H in the form

int int

H=Hs+ g + 1 ) (1.37)

where Hg is the Hamiltonian of the electrons-nuclei system in absence of
any neutron, and

N,
n Y SR 7
Hew = BB g S {——”7;’3 X iy + V x (v x ﬁ)} (1.38)

27 st h|r; — |7 —

is the magnetic interaction Hamiltonian, neglecting the terms quadratic in
A, which are quadratic in e and thus two orders of magnitude smaller than

the linear terms. In deriving Hl(:tl) we have used p; = —ihV; and V; [fn =0
As usual, ug = —eh/2m, &~ 9.27 x 10724J/T is the Bohr magneton and we
set [i; = —2upS;, where 8} is the spin operator of the j-th electron in units

of h, whose eigenvalues are £1/2. We will see that the first and second
terms within the square brackets of (1.38) give the magnetic scattering due
to orbital and spin magnetic moments, respectively.

1.2.4 Nuclear Scattering

For nuclear scattering (1.32), the Az operator (1.7) takes the simple form

Nn

A = Z(A + 2 B T - 5) oi2md-Fon. (1.39)
n=1



18 Javier Campo and Victor Laliena

We will consider here the case of real A,, and B,, (no absorption). We have
to compute the time correlation function entering the right-hand side of
(1.13)

Tr (AP T(0) P, A (1) 01), (1.40)

The result is obtained straightforwardly after introducing the physically
reasonable assumptions enumerated in the following list.

1. The nuclear spin dynamics are very weakly correlated to the nuclear
motion, so that the correlation

<Ig(0)1.5/ (t)e—iQF@Rn/ (O)GiQW@Rn(t)> (141)
factorizes as

(Z2(0)ZP (1)) (o270 R 0270 Fon (1), (1.42)

2. The nuclei are not polarized, so that (Z) = 0.

3. The spins of different nuclei are also weakly coupled and therefore
essentially uncorrelated, so that (Iﬁ‘(t)Zf/(O» = (ZS()T2(0)) S

4. The dynamics of the nuclear spins are much slower than the orbital
dynamics, since the interactions of the nuclear spins are in general
very weak. We then neglect the time dependence of (Z¢ (t)Ig (0)).

5. The nuclear spin motion is nearly random, and therefore
1

T =

- 1
(I 00 = gIn(In + 1)645- (1.43)

6. The isotopic probability distributions of nuclei n and n/ are indepen-
dent, which means

A Ay = Ay Ay (1= Gt )+ A2 8y = A Ay + (A2 — A7)0 (1.44)

From these assumptions we have

1 1
> BB (Z2(£)Z5,(0)) Tr(00Ps,050;) = = B2Ln(In + 1) 8 (07| 03 l0y) .

a,B 4
(1.45)
where we used Zaﬁ 003000i08 = 30;-
It is convenient to define the coherent and incoherent scattering length
as, respectively, beoh,n = by = A, and

_ 1)
binen = (A2 —A0) + (/OB (L + 1)| (1.46)



1 Neutron Scattering Techniques in Magnetism 19

The average is over isotope abundance in the target.
Taking into account the above considerations, it is straightforward to
obtain

Tr (AP (0)P,, AV (1)) =
Z(b b + DOy ) (€7 27T Bt O 27T Bn (1) (7] o, ()

nn’

(1.47)

By definition, the density matrix of a beam is the matrix whose expectation
value in a spin state gives the probability of such state in the beam. Equation
(1.47) shows that, in the case of nuclear scattering by unpolarized nuclei, the
density matrix of the scattered beam is the same as the density matrix of the
incident beam, so that there is no change in polarization. Since polarization
is uninteresting at this point, in the remaining of this section we will sum
over the polarization states of the scattered neutrons.

Equation (1.47) allows us to separate the nuclear scattering cross section
into coherent and incoherent components

dQy dE; — % dE; kodef’ '

where

d2()

k
Ocoh hf 7127rq R,.(0) 127rq R /(t)
it - § :b by ), (1.49)

is the coherent nuclear scattering cross section, and

d2()

inc kf 7127rq Rn(0) 127rq Rn(t)

is the incoherent nuclear scattering cross section. Remember that (AB),
is defined in equation (1.14). Notice that, in spite of the appearance due
to the condensed notation, the two operators within brackets in equation
(1.50) are not inverse, since they are taken at different times.

Notice the big difference between coherent and incoherent scattering.
The former gives the Fourier transform of the time correlation function
between pairs of nucleus [9]. Indeed, in the case of a monoatomic target, it
is usual to write the scattering cross section as

Tinc k Rf

d’o Ocoh k‘f
= N, S
4 k;

- coh( )+
0 By~ Am K

Ny Sine(7,v) (1.51)

where oo = 47Tb(2:oh’ Oinc = 472, and Seop, and Sine are called the coherent

nc’
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and incoherent scattering functions®, given, respectively, by

- 1 —i2wq-R i2rq R,
Scoh(q, 1/) = _Nn E / (e 2nq Rn(O)e 2nq-R,, (t)>l/ (1.52)
and )
s N Z —i27 G- B (0) Mi2nq By ()
Slnc(Q7 V) - Nn <e B € a >V' (153)

n

The coherent scattering function is the Fourier transform of the time-
dependent pair-correlation function G(7,t) [9],

dt _; o
Secon(q, V) :/ﬁe_ﬁ’”’t/ d3r e?™ T G (7, 1), (1.54)

which is defined by*

G(7 t) = Ni 3 / &' (5[F — 7' — Ry (0))0[7 — B (£))). (1.55)

nn

Analogously, the incoherent scattering function is the Fourier transform
of the time-dependent self-correlation function G(7,t) [9]

Sine(q,v) :/%e_izwyt/ d?’reiz’r‘?FGs(F, t), (1.56)
where
, . 1 3 1ici= = >3 —/ D
Gs(7,t) = Fn Zn:/d ' (0[F — 7 — Rp(0)]0[F" — R,(1)]). (1.57)

It is also convenient to define the intermediate functions as
Ieon (4, t) = / dBr 2T G(F, 1) (1.58)
Lo (d,) = / i &2 G (7 1) (1.50)

These ideas are not specific to monoatomic targets, not even to nu-
clear scattering. It is a general feature that coherent scattering provides
information about the time-dependent correlations between pairs of degrees
of freedom in the target, while incoherent scattering provides information
about the time self-correlation function of single degrees of freedom in the
target.

3The scattering function is also called response function, dynamic scattering function,
dynamic structure factor or scattering law.
4These expressions have to be manipulated carefully, since the Heisenberg operators
R, (0) and R,/ (t) do not commute for ¢ # 0. For instance,
exp{—i27q- Rn(0)} exp{i2nq- R,/ (t)} # exp{i2nq- [Rn (t) — Rn(0)]}.
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Elastic nuclear scattering

After summing over the neutron final spin states, an expression for the elastic
nuclear scattering is obtained from [c.f. Eq. (1.22)] 5

r[<A£§”><A§>>gi}:Z<b bur + b ) (e 270 iy (1270 Rt - (1.60)

nn’

In fluids, the particle motion is translational, or diffusive, and takes place
in a region of macroscopic dimensions, much larger than 1/¢, and thus the
expectation value (exp{i2r7- R,}) vanishes unless ¢ = 0. But v = 0 and
¢ = 0 means that there is no scattering at all, so that in liquids all scatter-
ing is inelastic. In solids, however, the particle motion takes place around
an equilibrium position and is limited to a region comparable to 1/¢, and
therefore (exp{i2rq- R,}) # 0. Hence, elastic scattering in solids is very
important, and often dominant.

Expression (1.60) allows us to obtain the coherent and incoherent nuclear
elastic cross section, which are given by

(n,e)
d
O'coh ‘ Z b 127rq Rn (161)
and 0e)
oy 2 i2ng R 2
inc  _ : i27q- Ry, 1.62
Q- Zblnc,n <e > ) ( 6 )

k¢ n

respectively. Notice again the big difference between coherent and incoher-
ent elastic scattering. The coherent scattering is characterized by the strong
interference between the scattered waves, which produces peaks in the scat-
tered intensity along specific directions, determined by the sample atomic
structure, that frequently are very sharp. This interference is completely
absent in the incoherent scattering, that is entirely due to the presence of
disorder, which cancels the interference terms. Thus, the contribution of the
incoherent scattering is often merely a smooth background.

Inelastic nuclear scattering

The inelastic scattering cross section is obtained by susbtracting the elastic
scattering from the whole cross section. The explicit expressions are

Fol) g [
%o ~r o~ 12 Zb by X
a9 dB; ki) B C (1.63)

[< () el27rq-Rn/(t)> _ < efiQW@ﬁn> < 27 R >]

SEquivalently the elastic nuclear scattering can be obtained from the t — oo limit of
equation (1.47)
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for the coherent nuclear inelastic cross section, and

2ok ordt
—_mc _ _J 7 a2y b_2
a9 dE; ki / n e Zn: ine,n

[ < o—i27@-Fn(0) eiznq-ﬁn(t)> _ < efi2ﬂtf-1§n> < ei27r(f-]§n>}

(1.64)

for the incoherent nuclear inelastic component.

In fluids, the elastic scattering is absent and the time-dependent pair
correlations and self-correlations are related to mean inter-particle distances,
velocity correlations and other properties of the fluid motion [10].

In solids, the nuclei perform oscillations about some equilibrium position.
Let R, = R + ii,, where B¢ = (R,) denotes the equilibrium position
and 1, is the quantum operator that describes the displacements from the
equilibrium position. Then (1.63) can be written as

dQO'(nili) ]Cf dt 27t i2na: De De
co _ wr —i2wy ,el wq-(Rn,—Rn)T — AT T
@ dBy ks / n ¢ anb"e n(=@)Tw () %
" 1.65
{ =127 (0) Gi27 G (t) ) (1.65)

To(=q)Tw(q)

where .
To(q) = (7T (1.66)

is the so called Debye-Waller factor.

If we assume that the displacements from the equilibrium position are
small, the dynamics of i, is approximately described by a set of coupled har-
monic oscillators. Then, i, (t) can be expanded in terms of normal modes,
the phonons, which describe the collective excitations of the system, as

- h =~ [ o o
in(0) = 3\ gy (€75 B} (167)
T

where M,, is the mass of the n-th nucleus, » = 1,..., N, labels the phonon
branches, NN, is the number of different phonon branches, and v, 5_;7,“ ay
and ai are the frequency, the polarization vector, and the annihilation and
creation operators of the corresponding phonon, respectively. The polariza-
tion vectors are real and dimensionless, and satisfy the normalization and
closure conditions

Z é’,n : g”,n = 67’7”, Z 5%55”/ = 50466nn’- (1'68)

The numerical factor in the right-hand side of (1.67) arises from the canon-
ical commutation relations. Notice that expression (1.67) is valid for crys-
talline as well as for amorphous solids.
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The term within brackets in (1.65) is an even function of ¢. We expand
it in powers of ¢ and we get only even powers of the components of . The
term of order 2p is called the p-phonon term, and is interpreted as a sum
of scattering events in which p phonons are involved, some absorbed and
some emitted. It is not difficult to get the 1-phonon term, which is the most
important since it provides the phonon spectrum. To second order in ¢ we
have

< 012780 (0) o270, (1) >
T(—=q)Tw (7)

From equations (1.69) and (1.67) we see that we have to compute (a,a,),

— 1 =47 ([7- @, 0)][7- @n()]) + O(g").  (1.69)

(ara:[,>, (ala,), and (aiaj,,>. The phonons form an ideal Bose gas of non-
conserved particles, thus it has zero chemical potential and, at temperature
T, the thermal quantum average of an operator O is given by

e’} e’} Np
(0) = % ZZ <n1,...,an|O|n1,...,an>eXp(—anth/kBT>a
r=1

ni=1 anzl

(1.70)
where Z is the partition function and |ny,...,ny,) is the state that contains
n, phonons of type r. Clearly we have (a,a,/) = (alai,) =0 and

(aral) = (ne) 6, (afaw) = [1 4 (n2)] 6, (1.71)
where in the last equation we used the commutation relation [a,,a,/| = &y,

and (n,.) is the avearge value of the number of type r phonons, given by the
Bose-Einstein statistics:
() 1
ny) = .
" exp(hyy JkgT) + 1

(1.72)

Then we have

([ Tn ()7 T (D)) = D [(@ €)@ &) (1 + (1) )i
" (1.73)

— —

+(Cf gr,n)*(q gr,n/)<nr>e_i27wrt .

Inserting equations (1.69) and (1.73) into (1.65) we obtain, to 1-phonon level

dQJ(nﬁ)1 k 1
coh,Iph __ Nf 2 2 N
Ty~ R LT g 0 )il =)+ )l )
(1.74)
where
— i2rq-Re bn S\ &
Go(q) =) =T () o (1.75)

VM,
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The first term in equation (1.74) corresponds to a neutron loosing an amount
of energy hv, by creating one r-type phonon, and the second term to a
neutron gaining an amount of energy hv, by absorbing one r-type phonon.
In the case of an amorphous solid one has to average over the disorder in
equilibrium positions and harmonic forces between nuclei, and the phonon
spectrum is a continuum whose structure is difficult to disentangle. In this
case, the more interesting quantity is the density of states. For a crystal,
however, the phonon spectrum is separated into phonon branches and the
coherent 1-phonon neutron scattering allows to obtain the dispersion relation
of each branch, as we will see.

An analogous phonon expansion can be developed for the incoherent
inelastic cross section. For a monoatomic system it can be expressed solely in
terms of the density of states. The 1-phonon contribution to the incoherent
scattering has the relatively simple expression

P ky b2 Z

inc,1ph f Oihc 9 9 12 (I/) 1
oneleh B Jine (om)2¢2 |1 oot '
a0y, dE; R 20 GRS IT@) == 5 [cot <2kBT>+ } (1.76)

where Z(v) = 6(v — 1) for v > 0 is the density of states, and we have
defined Z(—v) = Z(v).

Expressions (1.74) and (1.76) are valid in the harmonic approximation.
Anharmonic corrections are usually important only at high temperature,
but some phenomena like thermal expansion and thermal conductivity in
solids cannot be explained without anharmonicity [11]. In the harmonic
approximation, the Debye-Waller factor takes the simple form

To(q) = e T, (1.77)

where Bn is a 3 x 3 matrix that depends on the temperature and on the
frequencies and polarization vectors of phonons.

1.2.5 Magnetic Scattering

Expressions for the magnetic scattering cross section can be obtained by
applying the same ideas as in nuclear scattering. The derivations, and the
expressions are much more difficult since the magnetic interaction Hamilto-
nian is much more complex than its nuclear counterpart. Furthermore, the
atomic wave functions of the electrons enter the final results, due to the long
range nature of the magnetic interactions.

Let us denote by Aém) the amplitude operator corresponding to magnetic
scattering, defined by equation (1.7). Since the interaction Hamiltonian is
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given by equation (1.38), we need the two integrals:

/dgreizw‘ﬁi’;j__;lg = —idrel?TTT g, (1.78)

J

/d%ei?”q‘?’v X (v X Mfzﬂ) = 4me?TTTI G x (5 x ). (1.79)
J

Then we can write Affm) =pM 57, where the operator

i

hq(ﬁj xq)|, (1.80)

e S o5 0
J
is called the magnetic interaction vector operator and acts only on the elec-
tron degrees of freedom. The factor —2up in M 1q is introduced by conve-
nience, so that, as we will show later, M 1 g is the component perpendicular
to the scattering vector of the Fourier transform of the magnetization den-
sity operator. With these definitions, we have p = (m/myp)vyre/2up, where
re = €2 /(4megmec?), with €y and ¢ being the vacuum permittivity and the
velocity of light, respectively. It is customary to substitute by one the ra-
tio between the neutron and proton mass, which is approximately 1.0014.
The quantity 7. is the so called classical radius of the electron, and has
the value 7. ~ 2.818 x 1071°m. This is of the same order of magnitude as
the nuclear scattering lengths, which means that the magnetic scattering of
thermal neutrons is of the same order of magnitude as the nuclear scatter-
ing. The constant p = 0.2695 provides the conversion of magnetic moments,
given in Bohr magnetons up, to scattering lengths in units of 10714 m.
Clearly, M 1 g is orthogonal to ¢, and can be written as

Mig=dx (Mgxg)=Mg— <<§ : /\715) 7 (1.81)

or, in components

6% _ qaqﬁ 6
= (@w R > Mg, (1.82)
5

where .
i

i (P x cj)} (1.83)

M@ = —2up Z 2T aT; [5} +
J

is called the magnetic structure factor operator. Notice that any operator
proportional to ¢ can be added to ./\7((; without changing M g This fact
can be used to simplify some expressions of the matrix elements of M 1q-
We want to stress the following important fact: only the component of M@
perpendicular to ¢ contributes to the magnetic neutron scattering. We antici-
pate here that M@ is the Fourier transform of the magnetic moment density,
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or magnetization density, operator. Thus, not surprisingly, the magnetic
scattering of neutrons is closely linked to the magnetization density.

Using the general formula (1.15), we obtain the following expression for
the magnetic scattering cross section in the case that the scattered neutron
polarization state, oy, is observed:

2,
(dcfiz dEf> =P ki Zpaﬁ ay) < T(0) iq(t)>y, (1.84)

where M9 718 the a-th component of the M g operator, and

p(ixﬁ(af) = (07| oa0iop |oy) . (1.85)

After integrating over dEy, the elastic contribution to the magnetic scat-
tering cross section is

dO'(m’ e) . . .
( a0 > =’ Z Paﬁ(afoi(ﬁ (M), (1.86)
ke / o af
and the inelastic contribution is
<dQA dEf> = '3 D Paslop)x
Joy o

/ Cﬁf e (ML OMS 1) = (M) (M)

If the polarization states of the scattered neutrons are not resolved, we
have to sum over oy in the above expressions. Since

Z pfxﬁ(af) = 6aﬁ - Z Eaﬁ’ypifya (188)
oy 0%

(1.87)

where €, is the tridimensional totally antisymmetric tensor and P, is the
polarization vector of the incident beam, we obtain

do(m:e)

aoy,

=" [(Miq)"- (Mig) = (Mug) x (Mug) - B (1:89)

for the magnetic elastic contribution, and

o™k fdt (- - Sk e
a0ty " kf e t{<M15(0)-MLa(t)>—<M¢@> H(Mig)

(ML 0) x Mug () = (Mag)” x (Mag)| - P}

for the magnetic inelastic contribution.
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Physical meaning of the operator M 1q

We show in the following that M 1q is the component of the Fourier trans-
form of the magnetization den81ty operator perpendlcular to the scattermg
vector, ¢ [12]. Let us write MJ_q MSJ_q +MLJ_q, where MSJ_q and MLJ_q

are the spin and orbital contributions to M 1q:

Msig=—2up Y _ ™7 4 x (5) x §), (1.91)
J
- o 1o
Myig= —QuBZeIQ’"} ”h—q(pj X q). (1.92)
J
It is clear that
Msiqg=Gx (Msgx q), (1.93)

where MSJ is the Fourier transform of
=" 2 5 0(F— ), (1.94)
J

which is the spin magnetic moment density operator, i.e., the magnetization
density operator due to spin.

Let us turm to the orbital part. Since ¢-7; commutes with p); X ¢, because
the former operator is proportional to the component of 7; parallel to ¢ and
the latter is the component of p; perpendicular to ¢, we have

~ . UB i2mq-F i2mq-T
Aﬁ¢5:—4ﬁ§§:[ T (5 x 4) + (5 x )] (1.95)

The above equation is equivalent to
Y L [ 3 ongiRi=\ o A
M= 5/d re (7) x g, (1.96)

where, bearing in mind that pup = eh/2me.,

B(F) = — 5, 100~ )8 + 550~ 75)]. (1.97)

2Mme

The operator I@(F ) is —e times the electron probability density current, and
therefore it is the electric current density operator. The solenoidal part of
D is, by definition, the rotational of the orbital magnetic moment density,
ML(F ), and the irrotational part, written as V®, is the conduction current:

D(7) = V x My(7) + V. (1.98)
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The Fourier transform of D(7) is related to the Fourier transforms of M, (7)
and ® by

/d?’rei%qﬂ"?_)(??) = —icj’x/d3rei2”§'FML(F)—iq’/d3re127r‘f'?<1>(7:'). (1.99)

Inserting the above equation into (1.96), and noticing that the term with
®(7) does not contribute to it, since it is proportional to ¢, we obtain

-

M1z =% (Mg x 4), where
Myg= / dPre TN (7) (1.100)

is the Fourier transform of the orbital magnetic moment density operator.
Collecting the spin and orbital contributions to M ;7 we obtain

Mg =qx (Mgxq), (1.101)

where the magnetic structure factor operator, ./\2,; = /\ZLq + ./\23,;, is the
Fourier transform of the total magnetization density operator, M(F ), which
is the sum of the orbital, ML(F ), and spin, IVJIS(F ), magnetization density
operators. Therefore, M 1 g is the perpendicular component of the Fourier
transform of the total magnetization density operator to the direction of the
scattering vector.

Let us stress again the important fact that only the component of the
magnetic structure factor operator perpendicular to the scattering vector con-
tributes to the magnetic neutron scattering.

Matrix elements of /\Zlq

The computations of these matrix elements are complex and we will give
here only some hints to understand the origin of the main ingredients that
enter the matrix elements.

The matrix elements of M g between the states |¢;) and |¢f) cannot be
computed generically without making assumptions about the system. For
definiteness, let us consider a system in which the magnetic moments are
due to the unpaired electrons localized at ions. This is the case of magnetic
moments originated by unpaired p electrons belonging to molecular orbitals
in organic radicals, and of transition metals and rare earths, in which the
unpaired electrons that contribute to the magnetic moment belong to a d
and to an f sub-shell, respectively.

Let N be the number of ions, labelled by the index n, and let N,, be the
number of electrons of ion n-th. The position of the ion nucleus is denoted
by én, and the position of its j-th electron with respect to the ion center by
Ty, S0 that the position of the nj-th electron is R, + ;- The spin operator
of the nj-th electron is 5,; and the spin quantum number corresponding to
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the spin z component is denoted by myg ;. Let en; = {7, ms n;} denote the
complete set of electron degrees of freedom. The M ; operator is given by

N
Mug=>" el pg(), (1.102)

~(nj 921G 7 | A o . i, R
MTQJ’) — —2MB€12W Tng [q X (Snj X q) + h—q(pnj X q) . (1.103)
The state of the system can be written as
o) = Z e Z Ppir ooy |¢M1,1> T |7/),uN,N> ) (1.104)
1 KN

where ¢, .. .y depends only on the nuclei coordinates él .. EN, and the
electronic wavefunction v, , depends on ey, ..., ey, and is localized around
the n-th ion position, R,. Tt is antisymmetric under electron exchange, and
there is negligible overlapping between v, , and ¥ v if n # n’. Since
the electronic states do not overlap, there is no need to antisymmetrize the
wavefunction with respect to the exchange of electrons at different ions, in
the sense that antisymmetrization does not change the result obtained with
the above wavefunction. The index ., labels all the possible electronic states
of the n-th ion, so that two different states differ by the functions ¢.
The matrix element of M g between states |p;) and |pf) is

(ol Mugledy =2 > Z/ngl"'ngNX

n {/’1‘17"'7“]\7}71 anu/n (1.105)

K 274 Ry - i
O i@ (| MY ) D)

where {p1, ..., un}n stands for the set of N —1 indices 1, ..., un excluding
tn. In the above equation we used the orthonormality of the ionic wave-
functions, (Y, n|tw n) = 6. It is apparent that we only need the matrix

element of MT{} between the electronic states localized at ion n-th.

We consider the electronic structure of the ion described by a Hartree-
Fock scheme in the central field approximation [13]. The multi-electronic
state, [1,,5), is a suitable antisymmetric superposition of products of single
electron states, which are computed from a self-consistent central potential
common to all the electrons. Therefore, the single electron states are labelled
by four numbers: the principal quantum number, n,, the orbital angular
momentum ¢, the z component of the orbital angular momentum, m, and
the spin z component, mg. Recall that —¢ < m < ¢ and mg take only the
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two values £1/2. The single electron state is written as |np¢mmsg), and its
wave function is given by

(T |nplmmg) = Jnpe(r)Yy" (7)Xme» (1.106)

where f,, ¢(r) is the radial wavefunction, Y7*(#) is the /m spherical harmonic
evaluated on the polar angles 8 and ¢ determined by the unit vector 7, and
Xm, 1S the mg component of the two component spinor that describes the
electron spin state. Due to the rotational symmetry of the single electron
Hamiltonian, the energy is independent of m and ms. An nyf state is called
a sub-shell. At this zero-th order of approximation the electrons fill the ny¢
sub-shells with lowest energy. The sub-shell ny¢ can be occupied at most
by 2(2¢ + 1) states. A state of n. electrons occupying the n,¢ sub-shell
is specified by the 2n. numbers mimgi, ..., My Msy,, and is given by the
antisymmetric combination

1
—— (=) |nptmpimspr), - [nplmpp,mspn.). (1.107)
/ne!ZP: P S 1 p n sPne/p,
where P is a permutation of 1,...,n., (—1)¥ is the sign of P, and |-),

describes the state of the i-th electron. Notice that the single electron states
in sub-shell n,¢ all have the same radial wave function.

The difference between the true interaction Hamiltonian and the self-
consistent field, which contains the electrostatic interaction between the
electrons, the spin-orbit coupling, and the crystal field energy, is treated as a
perturbation. It lifts the degeneracy of the n,¢ sub-shell. The way in which
the np¢ sub-shell is split into energy eigenstates depends on which term
of the perturbations dominates. Usually, the electrostatic energy is much
higher than the spin-orbit coupling and than the crystal field energy. In this
case the perturbation Hamiltonian at first order does not depend on the spin
and, given that it is rotationally symmetric, commutes with the total orbital
angular momentum (and with the total spin, obviously). Hence, the splitting
of sub-shell ny¢ can be characterized by the four quantum numbers L, M,
S, Mg, corresponding to total orbital angular momentum, z component of
total orbital angular momentum, total spin, and total spin z component®,
in addition to np¢. This is called the Russell-Saunders, or LS, spin-orbit
coupling scheme, which we assume in the following.

The completely filled sub-shells have no net orbital angular momentum
and no net spin, and thus do not contribute to the magnetic moment. Anal-
ogously, paired electrons, which combine their orbital angular momentum

5Notice that the electrostatic energy operator commutes with the spin of each electron
separately (but not with the single electron orbital angular momentum). At first sight, it
seems that the multi-electron states can be characterized by the single electron spins, not
just by the total spin. However, the individual spins are not observables since the electrons
are indistinguishable, and the single electron spin states are not good quantum numbers.
Indeed, the single electron spin states are mixed in the antisymmetrization process, as can
be seen in equation (1.107).
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and their spin in such a way that both cancel, do not contribute to the mag-
netic moment. Consider then an ion with n, unpaired electrons occupying a
partially filled sub-shell n,¢. These electrons are described by an LS state,
|nplLSM Mg), which is an anitsymmetric linear combination of states of
the form

Inpfmimgr)q -« - [nplmp, Mg n,) (1.108)

ny
From now on we drop the quantum number n, from the expressions, and
we will write the radial wave function as f(r). Let us stress that in general
there are many ways of combining n, orbital angular momentum and spin
into /LS multiplets. This means there are many LS multiplets in nf sub-
shell that can be occupied by ny electrons. Which one is occupied is decided
by the minimization of the electrostatic repulsion between the electrons.

At this level of approximation, an LS state is (2L + 1)(25 + 1) fold de-
generate. This degeneracy is lifted by the remaining interactions. If the
spin-orbit coupling dominates over the crystal field energy, rotational sym-
metry is preserved and then the states are split into multiplets characterized
by the magnitude and z component of the total angular momentum opera-
tor, J and M, respectively. Thus the states are written as [¢{LSJM), and
it remains a 2J + 1 degeneracy, due to the rotational symmetry of the iso-
lated ion, which is removed by the crystal field interaction. These states
are of course given by appropriate linear combinations of states of the form
(1.108), If, on the contrary, the crystal field dominates over the spin-orbit
coupling, the (2L + 1)(2S + 1) degeneracy may be completely lifted and in
this case the expectation value of the three components of the orbital an-
gular momentum vanish, so that they do not contribute to the expectation
value of the magnetic moment, which is entirely due to spin. In this case, it
is said that the orbital angular momentum is quenched.

Usually, the energy differences between different LS multiplets are of the
order of 1 eV or higher and thus neutrons with energies in the thermal range
cannot induce transtions between them. This is an important point, since
in these cases the neutron interaction can only change the values of M, and
Mg, that is, the ion spatial orientation. Hence, we have to consider only the
matrix elements of ./\;(qu between the states of the same LS multiplet, with
constant L and S (and of course constant n, and £). Evidently, the matrix

element of MT(;) is a linear combination of single particle matrix elements,

(em'm| M2 |emms) . (1.109)

The contribution of filled shells or paired electrons cancel and we have to
consider only the contribution of unpaired electrons. Since the electrons
are indistinguishable, the single electron matrix element (1.109) does not
depend on j. To avoid heavy notation, from now on we drop the indices
nj from the expressions and we denote by  the electron coordinate with
respect to the center of the ion.
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Let us consider first the contribution to (1.109) of the orbital part of

Mg?g). Since it does not depend on spin, we get an overall factor d,, . It
remains

(| 77 V) [em) = [ ()Y ()0 V) £ )Y, (1120

Let us give only a few hints about how to compute this, in order to recognize
the origin of some factors entering the magnetic cross section, mainly the
magnetic form factor. A thorough analysis with many detailed calculations
can be found in the book of Lovesey [14]. First, notice that by integrating
by parts and using the fact that (¢ x V)exp(i2n7-7) = 0, we can remove
the derivative from the radial function f(r). We get

(e |77 (V) [em) =5 [ 20)e 2 X7 ) 907 ()

(1.111)
SR GIRANMGIR

The derivative acts now only on the angular part of the wave function. We
can extract a factor 1/r by defining V so that V = (1/r)V

The spherical symmetry of the single electron wave functions makes it
convenient to exploit the algebra of spherical tensors, working in terms of
the spherical components of § x @, which is a vector operator’. We also
expand the plane wave state exp(i27q- 7) in the basis of spherical waves as

l2mTT — 47TZ Z iLjr2rngr)YM (m)YM (), (1.112)

L=0 M=

where jr(z) is the spherical Bessel function of order L. Inserting this ex-
pansion into (1.111), in which we take the M’-th spherical component, we
get

(| 27T (G x V) ppr [€m) =

oy Z V@) [ dret PO BT @), (1113

L=0 M=

where
B @) = [ @y (Y7 @) DY = P x V] (g

is an angular integral, with d?# = sin@dfdp. The 1/r factor in the radial
integral comes from the definition of V given above.

“Let us recall that the spherical components of a vector operator V are denoted by
Var, with M = —1,0,1, and defined as Vi1 = (Ve £iV,)/v/2 and Vp = V..
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The angular integral can be evaluated straightforwardly using proper-
ties of spherical tensor operators. It gives rather complicated, and not very
illuminating, linear combination of the spherical harmonics of YLM (q), with
coefficients that are linear combinations of products of Clebsch-Gordan co-
efficients. Its product with the spherical harmonics entering (1.113) can be
again reduced to a linear combination of simple spherical harmonics.

For the radial part we use the relation

T

jr(z) = YA Ur—1(z) + jry1(x)], (1.115)
and the definition
Jr(q) = /dTT’ZfQ(T)jL(QTI'QT), (1.116)
and we can write the expression
o 4L ~
(Im/ 20T (G x V) pr|fm) = 47T2qLZ_1 ST (Jp—1+ Jp+1)Cr(q), (1.117)

where C7(¢) is a linear combination of spherical harmonics. For the spin
part, the computation is similar. One difference is that there is no gradient
term, hence the 1/r factor is absent in the radial integral and only a single
Jr, comes from the radial part.

(n)

Therefore, the matrix element of the M-th spherical component of ML 17

between LSJ states has the form

o0

(CLSIMY MU eLsTMy) = N (Jyoa + Jyen)Ap (@) (1.118)
L'=1

(CLSIMY| MY (eLsIMyy = ST JuBu(d) (1.119)
L'=0

where the coefficients Ay, and By, obviously also depend on ¢, L, S, J, My,
M/, and M, and, we stress it again, are linear combinations of spherical
harmonics. The symmetries of the Clebsch-Gordan coefficients imply that
they vanish for sufficiently large L', so that the sums are in practice finite and
suitable for numerical computations. It is however interesting to simplify
Aps and Bps by making some approximation that provide more physical
insight than expressions (1.118) and (1.119). This is the aim of the dipole
approximation.

Dipole approximation

The dipole approximation is obtained by truncating of the sums in (1.118)
and (1.119) to L' < 1 and keeping in A7, and By only the spherical harmon-
ics YL]‘,/,I " with L < 2 [15]. It can be shown that, in the dipole approximation,
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the matrix elements of /\7(5?") between LSJM ; states are equal to the matrix
elements of the operator

—

MG = — iy { [Jon(a) + Jon ()] L+ 2Jon()Sn } (1.120)
where L,, and S,, are the total orbital angular momentum operator and the
total spin operator, respectively, for the n-th ion. According to the Wigner-
Eckart theorem, all vector operators are proportional to each other, and,
therefore, to the total angular momentum operator J , on a given |LSJMj)
subspace. Consequently, if the total angular momentum is approximately
conserved, so that J and M are good quantum numbers, as it happens in
the case of rare earth ions, we have

Ml(TmD) = _/‘BgnFn(Q)jm (1.121)

where g, is the Landé factor of the n-th ion,

Jo(Jn +1) = Lp(Lp + 1) 4+ Sp(Sn + 1)

n — 1 )
g + 200 (Jn + 1)

(1.122)

and the magnetic form factor for the n-th ion is given by

Fo(q) = Jon(q) + (e 1 Lo 11— Su(5. 1 1)J2n(q). (1.123)

In the case of transition metal ions, the crystal field removes the degener-
acy in the total orbital angular momentum, mixing states with different M7,
quantum numbers, although it preserves the degeneracy in the spin quan-
tum number Mg, since the crystal field Hamiltonian is independent of the
spin. Hence, S and Mg remain good quantum numbers. If the degeneracy
in the M; quantum numbers is completely lifted, it can be easily shown that
the expectation value of the total orbital angular momentum operator, H:,
does vanish in these states. As we said before, this phenomenon is called the
quenching of the orbital angular momentum. And, since the neutron does
not have enough energy to overcome the crystal field splitting energy, the
only matrix element of L that contributes to the magnetic neutron scattering
vanishes. Hence, the scattering is only due to spin, and the magnetization
operator is given by

MEP) = —up2J0, (g) S (1.124)

Actually, the spin-orbit interaction couples the states split by the crystal
field and the quenching of the orbital angular momentum is not complete.
In that case, L is proportional to S in the ground state subspace, so that
L= (g — 2)§, with g close to 2, and we have

MTP) = 6, F(q) Sy, (1.125)
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with 1
Fo(q) = — [gnJon(a) + (gn — 2)T2n(q)] - (1.126)

n
The dipole approximation is valid at low ¢q. The spherical Bessel func-
tions jr(x) vanishes as z — 0 as ¥, and therefore for ¢ — 0 we have
Jr(q) ~ (qrmax)¥, where 7.y is the maximum of the radial function, f(r),
which is proportional to the Bohr radius. Then, the dipole approximation

is justified if ¢ is small in comparison to 1/7pax.

Magnetic scattering cross section in the dipole approximation

The explicit form of the matrix elements of M 1§ can be obtained from

(1.102) with the dipole approximation for Mfin), using the equations (1.121)
r (1.125), depending on the case. To be generic, we write

MUP) = F,(g) M, (1.127)

where M, denotes the n-th ion magnetic moment density operator, which
is given by —upg, times either the total angular momentum operator or
the total spin operator, depending on the case. F,(q) and g, are the cor-
responding magnetic form factor and Landé factor, respectively of the n-th
ion.

From the general equation (1.84) and the definition (1.102) we inmedi-
ately get

d*om o ks
(dQ dEf> N Zpaﬁ %)

ZF;(Q)Fn' q)(e "7 R"(O) 2mq R, '(t)Mﬂq O)M 1 4(1)),-

(1.128)

nn’

The magnetic moment dynamics and the nuclear dynamics are weakly cou-
pled, so that to a good approximation the time-dependent correlation func-
tion in (1.128) factorizes into nuclear and magnetic moment factors, and we
can write

d2g(m ok
(d(Z(TTEJc> =7 praﬁ (o) >_ Fla)

— (1.129)
dt 27 —i27q- ﬂn i 7TH' o
Pl it o, )

1.3 Neutron scattering by a crystal

Let us consider now the specific case of diffraction by a crystalline material.
Let us define a crystal by its unit cell (@, b, ¢) and the atoms contained in it,
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labelled by d = 1,..., Ny.. The reciprocal lattice is generated by the basis
(@*,b*,c*), defined as usually in crystallography as

L (Bxd . @xa) . (@xb)
_ — = 1.1
a v b v c v (1.130)

—.

where V' = (@ x b) - ¢ is the volume of the direct lattice unit cell. We denote
by H a node of the reciprocal lattice with H = ha* + kb* + 1™, where
h,k,l are integer numbers (the Miller indices).

1.3.1 Nuclear scattering

The coherent scattering cross section can be obtained by applying the gen-
eral results for solids obtained in section 1.2.4, taking into account that the
equilibrium position of an atom can be written as Efd = ﬁl + 73, where
él = l,d + lbg+ l.C, with [, lp, and [, integers, represents the position of
the origin of the I-th cell, and 7, is the position of d-th atom relative to
the origin of coordinates of the unit cell. Then, we have to substitute the
summation in n entering the equations of section 1.2.4 by summations in [
and d.

For the coherent elastic scattering, given by equation (1.61), we have to

compute

s 2 o = o=

‘ Z bn<e127rq~Rn> — Z elQT(q(Rl/—Rl) |N§|2 (1131)
n INA
where
Nuc
Ng=Y baTy(q) e 77 (1.132)
d

is the so called nuclear structure factor of the unit cell and Ny is the number
of atoms inside it. Using the Poisson summation formula

T .
127 -(R/—R) _ C - _
lEl, eI T = v Eﬁ 0(¢—H), (1.133)
’ H

where N is the number of cristal unit cells in the system, we obtain

do%9 N )

—coh _ "N 57— H)|N. 1.134

ay, VZ(q )N (1.134)
H

The above expression tells us that the scattered neutrons will follow direc-
tions such a way that ¢ = H, i.e. the Bragg reflection will occurs only
when the scattering vectors correspond to the nodes of the reciprocal lat-
tice. These nodes are related to the characteristic distances between crystal
planes (dp;) at the direct space. The amount of neutrons scattered for each



1 Neutron Scattering Techniques in Magnetism 37

of these directions is proportional to the modulus square of the complex
number N, the nuclear structure factor evaluated at ¢ = H.

Sometimes it is convenient to define the atoms of the crystal unit cell
through the number of atoms in its asymmetric unit cell (NV,,), each one
indexed with d, with coherent scattering length by, and located at 7. Let
Gp = {R,|t,} be the elements of the space group of the crystal (g, € G), with
rotational and translational parts, respectively, R, and t;. The d-orbit in
the unit cell is defined by the atoms at the p-site related to the d-site by
Tp = gpTq. The number of atoms on a given orbit is less or equal than the
order of the group G, and all of them have the same scattering length bg.
The position of the same atom d at another unit cell, [, is Rld = Rl + 7.
The nuclear structure factor in (1.132) is rewritten as

Nau d—orbit

Zbd > Tpa(q)e T, (1.135)
p

where ¢ labels the nuclear Bragg reflexion (¢ = H ) and p runs over the
symmetry operators of the space group of the crystal that generates the
atoms of the d-orbit. The factor T},4(¢) is the Debye-Waller factor of the
d-th atom at its equivalent position p. In the harmonic approximation, it is
given by

To4() = e~ TRoPaRIT. (1.136)

The elastic incoherent cross section by a crystal is immediately obtained
from equation (1.62) by summing on all the atoms at the unit cell or by
summing first on the asymmetric unit and then on each d-orbit (p)

do.(nv e) Nuc Nau d—orbit
ﬁ - N mecd|Td - N mecd Z Td(§)|2 (1137)
Ky d P

Scattering by Phonons

The coherent inelastic 1-phonon scattering by a crystal can be readily ob-
tained from the general equation (1.74), setting él?i = R, + 74, and taking
into account that, due to the lattice translational symmetry, the phonons r
are characterized by a wave vector, p, which belongs to the first Brillouin
zone in reciprocal space, and a branch index, s. The number of branches
is equal to the number of atoms in the unit cell. The polarization vector is
given by [16]

—_

&s1a(P) = memmlé},d(ﬁ), (1.138)
and thus 0,(q), defined by equation (1.75), reads
b
) 2r Ry i2nd s LT (7) &, o (F). (1.139)

Vi,
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Inserting this into equation (1.74) and using (1.133), we obtain

d2 (nhl)l k 2 9
Teo ph _ — f 2 127rq Tas . = ‘
dQ, dE; ki G- €sald)] x
¥
1 S _ (1.140)
VsﬁZ: [5((1 p— H)o(hv hysp)(l + <nsp>)

H
+8(q+ 7~ H)o(hw + thﬁ)<”sﬁ>] '

This equation provides a method to measure the phonon dispersion rela-
tion, that is, the phonon frequency as a function of its wave vector, for each
branch. The technique is as follows. A monochromatic beam, with fixed
wave vector /Z, is scattered by a single crystal, and the intensity of the scat-
tered beam is measured at a fixed direction, l;:f, as a function of the neutron
energy Fy (or as a function of wave number, k). The Dirac delta functions
of (1.140) impose severe constraints to the scattering: for given ks, there
will be a discrete set of phonon wave vectors, that will satisfy the constraint
imposed by the wave vector Dirac delta function, namely, those that dlffer
from the scattering vector by a reciprocal lattice vector: p'= k — kf +H.
But then, in general, none of the frequencies v,; will satisfy the constraint
imposed by the frequency Dirac delta functions: vyy # |E; — Ey|/h, since the
index s is discrete. It is only for specific values of k; that both constraints
will be satisfied: sharp intensity peaks will appear only if p'= ki — k:f +H
and vgz; = |E;— E¢|/h. These peaks provide the phonon dispersion relations.
The polarization vectors can be obtained from the intensities of the peaks.
Neutron instruments suitable to measure the phonon dispersion relations
are the triple axis and time-of-flight spectrometers.

The expression for the inelastic scattering is not sensitive to the atom
arrangements and thus it is given by (1.74).

1.3.2 Magnetic scattering

If some of the ions in the unit cell have localized unpaired electrons, the
neutrons suffer magnetic scattering. Let d, label the magnetic ions within
a cell. The position of the ldy, ion is given by R+ Tq., + Uq,, , where g is
the quantum operator that describe the displacements from the equilibrium
position. The magnetic form factors depend only on d,;,, and not on the cell
to which the ion belongs. We have to substitute the sums in n and n’ in
equation (1.129) by sums in ldy, and I'd],. We obtain

dZO'( i2rq-(R, —Ry) i2mq- (¥ —, *
(dQ dEf) Zpaﬁ of Z i2nq-(Ry Rz)el2 q (Tdm Tdm)de (Q)Fd;n (Q)
ldml'dl,

dt —i27 —i27ag'u 12wq-i,, o (t
/ﬁe i2 I/t<e i2 quldm(o)el qu; dm( )><M1§qu (O)Ml/d/ 1q (t)> . (1141)

m



1 Neutron Scattering Techniques in Magnetism 39

The elastic scattering component is extracted from the factorization of
the time correlations in the ¢ — oo limit. Defining the vector M4, = (Mjq4,,),
which is real, and denoting by Mg, |7 its component perpendicular to ¢, we
have

da(me> 9 i2rq. (R —R))
=p Zpaﬁ op) Y Tl
< d<2 of ldwm ' dl, (1.142)

9 L o\ 27T o o
e e T T (q VE, (@)™ i Ty, (@) Fay, (T)Myy" M, 1 -

Notice that, in the most general case, Mldm need not be commensurate
with the nuclear lattice, but it can always be expanded in Fourier series as

Mg, =Y S, e 28R (1.143)
{K}

where the complex vectors S #a,, are the Fourier coefficients and {ff } are
the set of propagation vectors. The propagation vectors relate the magnetic
moment at the [-th unit cell with respect to the zero-th unit cell. In the case
of K = 0, which means that the nuclear and magnetic periodicity are the
same, then the Fourier coefficients, S Rd,, are equal to the magnetic moment,

Mdm, at site dy,, and do not depend on the lattice index I.

Moreover, because the magnetic moment Mldm must be a real vector,
it imposes the condition that summation extends to pairs of propagation
vectors K and —K and the relation §_ Rd, = g}‘? " between the Fourier
coefficients.

Inserting expansion (1.143) into (1.142) and using equation (1.133) for
the sum in 11/, we get

do_(m e

COh > v 2
2 Za — RN, (1.144)

where we have defined the magnetic interaction vector, M 1q> and the mag-

netic structure factor, M ., for the crystal unit cell® as;

e
Mig=4x (Mg x §), (1.145)
Nuc

pZde VT (@) €2 T7om S, (1.146)

To have elastic magnetic scattered neutrons (magnetic Bragg peaks) the
Dirac delta in (1.144) impose that the scattering vector must fulfill the

8Other authors define the magnetic structure factor for the crystal by keeping the sum
on the unit cells, I and I, in equation (1.142) in its definition.
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condition §= H + K (ﬁ is a node of the nuclear reciprocal lattice and K is
the magnetic propagation vector).

The intensity of magnetic peaks is very sensitive to temperature, since
the expectation value of the magnetic moment, Mldm is. By increasing tem-
perature Mq*}? decreases until it vanishes above the magnetic ordering tem-
perature, in which case only the nuclear peaks survive. The behavior with
temperature is one way of distinguishing magnetic and nuclear scattering.

Magnetic inelastic scattering

To discuss magnetic inelastic scattering it is convenient to introduce more
notation. Let us define

Ng = (e 12000 ) (2T ) pof — (M2T N(MP, ) (1.147)

ldw 1) \Myar 17
and
N = <e—127r¢j-ﬁldm (0) 127 T Uy 41, (t)> _ <e—127ﬂf-ﬁzdm ><612W‘T'aldm>7 (1.148)
M = <Ml(2lL(j(0)Mz?d;,,¢q(t)> - <M13,:¢q> <Ml?d;nlq“>' (1.149)

The integrand of the time integral in equation (1.141) is split into four terms

_iona-i i2m gy g (t
(e 2n Tl O) F2r T, Oy (vt (M, | (1)) =

(1.150)
NiMEP + NgM?P + NpMEP + N M2,

Correspondingly, the magnetic scattering cross section is split into four
terms, one for each of the above terms. The NEME‘B term gives the elastic

scattering discussed before. The NIMgﬁ term gives the so called magne-
tovibrational scattering, which is elastic in the magnetic sector and inelastic
in the nuclear part, with emission or absorption of phonons. This is essen-
tially identical to the pure inelastic nuclear scattering, with the form factor
modified by the magnetic factors. The NgM;* 5 term gives scattering elas-
tic in the nuclear sector and inelastic in the magnetic sector, with energy
transfer between the neutron and the magnetic degrees of freedom. Finally,
the Ny M # term gives inelastic scattering both in the nuclear and magnetic
sectors, with energy exchange between the neutron and the magnetic and
nuclear degrees of freedom.

Scattering by spin waves

Let us consider the inelastic magnetic scattering by an ordered magnetic ma-
terial with no transfer of energy with phonons (that is, the term NgM;* p ). In
this case, the neutrons exchange energy only with the elementary magnetic
excitations around the ordered magnetic state, which are called magnons
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[17]. They are described as follows. Let .J_fldm denote the spin or total angu-
lar momentum operator, whatever matters, of the [d,-th magnetic ion. Let
us choose Mldm as the local quantization axis for the ldy-th ion, and let Jj;
the projection of .J_fldm along Mldm, and Jj; and J?dm the projections onto

two mutually perpendicular directions in the plane orthogonal to Mldm. Let
Jljc:lm be the corresponding ladder operators. The magnetic ground state of
the ion is given by [JMjy) with M; = J. At low temperature, M; cannot
depart much from its maximum value J. Evidently, this cannot be the case
if J =1/2, hence we assume J > 1/2. Let us introduce the departure num-
ber, n = J — My, to characterize the magnetic states |n) = |J J —n). We
perform a Holstein-Primakoff transformation [18], introducing the operators
ajq,, and a;rdm which satisfy the bosonic commutation relations

[aldma al'dfn] =0, [a;rdm, a;r/d;n] =0, [aldma a;r/d;n] = oy 6dmd§n- (1.151)

At each ion, they act on the magnetic states as the creation and annihilation
operators of an harmonic oscillator:

ag, |n) =n'? In—1), azrdm In) = (n+1)Y% |n+1). (1.152)

By introducing this bosonic operators, the space of states has been artifi-
cially enlarged to the space of states with any n > 0, but only the states with
n < 2J have physical meaning, and states with n > 2J do not influence the
physical results. Indeed, the angular momentum operators are expressed in
terms of the bosonic operators as

1/2
Jztzm = (27 - aszmaldm -1) / Ay, s
- 1/2
Jtd = (27 - ajd,,,azdm) / alem, (1.153)
g = J = a;dmaldm-

The system Hamiltonian, expressed in terms of the bosonic operators, is ex-
panded in powers of ;4 and alem. It is easy to see from the above equations
that this expansion is actually an expansion in powers of 1/2.J. The lowest
order is provided by the quadratic terms. In the linear, or harmonic, approx-
imation, only the quadratic terms are taken into account, and the magnetic
dynamics is described by a system of coupled harmonic oscillators. In this
case we have

Ih =V2Tau,, I, =vV2Jd, . T =J-a, aa,. (1.154)

This approximation is good for large J, and in this case the neglected terms
can be systematically taken into account by perturbation theory.

In the linear approximation, the eigenstates of the system, which are
called magnons, form a Bose-Einstein gas of non conserved particles, with
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zero chemical potential. Moreover the correlation NgM of equation (1.150)
can be readily computed in a way completely analogous to that of phonons.
Let us consider for simplicity a crystal with only one magnetic ion per unit
cell, so that the magnetic ions form a Bravais lattice (and we can remove the
dy, index), and assume that the system is ferromagnetically ordered. Thus,
tkle only non vanishing Fourier mode of the magnetic moment is that with

K =0, which is denoted in the following by S. To linear order, the solution
to the equations of motion is given by

1 o (= B 1 o
a;(t)= el27r(p-leu5t) bﬂj an )= E efl2ﬂ(p-R17u5t) bt,
( ) /_Nc Zﬁ: P l( ) \/ﬁc - 5

(1.155)
where p’ belongs to the first Brillouin zone of the magnetic ion lattice, the
operators by and b;; satisfy the commutation relation [bg, b;;,] = 05, and vy

are the magnon frequencies.
Using the fact that M; = gugpl;, equations (1.154) and (1.155), and
defining M = gupJ, we easily obtain (M) = (M) = 0, and

(M7) = M[1—(1/JN) Y {nz)], (1.156)

p

where (nj) is the average value of the number of magnons with wave vector
P, given by the Bose-Einstein distribution (1.72). For the time correlation
functions we have (M} (0)Mf(t)) = (Mj*(0)M7 (¢)) = 0, with o = x,y, and

7 OM 1)) = M2 (1= - 3 (ng)) = (MP)(ME) + O(/7%), (1.157)

so that this correlation, called the longitudinal correlation, does not con-
tribute to inelastic scattering?. For the remaining components, called the
transverse correlations, we have

(M (0)ME (£)) = (M (O)ME (), (M (0)MI: (t)) = — (MG (0)MG: (t)), (1.158)

with
M? - ~ : .
(M OME (1)) = 577 D [0 @ (m) +1) + 27w @ ()] (1.150)
P
r(0)M i —i2m61 (7) 2761, (7)
(MFOME(D) = 573 D [ @) ((ng) +1) = @) {ny)] (1.160)

where ¢y (7)) = 7 - (Ry — Ry) — vy t.

“Notice that this correlation is independent of time. The 1/J? terms have to be ne-
glected in the linear approximation for consistency. Higher order corrections guarantee
that the second equality in (1.157) holds to all orders in the 1/J expansion.
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Consider the scattering of an unpolarized beam. We do not observe
the polarization state of the scattered neutrons, so that Zaf Pop(0f) = dap-
Then, the cross section depends only on the projection of the time correlation
function onto the component perpendicular to ¢, which is

5 (s~ 522) [0t om0 7] =(1+ %) (o1 ),
(1.161)

where we used 1 — ¢2/q®> +1 — qS/q2 =1+¢?/¢%

Now, to obtain the inelastic magnetic scattering cross section by a fer-
romagnet to 1/J order (l-magnon scattering), we can insert (1.161) into
(1.149) and this into (1.129). The sums in [ and !’ are obtained using
(1.133), and we get

Pot™ o ky LM @2\ oo

o ag =P k—zvz—<1+?>F () T*(@) %
kO
> {5(5—5— H) 6(hv — hwg) ((n) + 1) (1.162)
P H

+ 07+ 5~ H) 3(hv + hvg) (ng)]

This expression is similar to expression (1.140) for the scattering by phonons,
and the magnon dispersion relations, which provide the dependence of the
frequency vz with the wave vector p, can be obtained applying the same
ideas. One difference between magnon and phonon scattering is the factor
1+ ¢%/q?, which takes values between 1 and 2. If the scattering vector is
parallel to Z the factor is 2, and if it is perpendicular to 2z it is 1. This
correspond to the fact that the deviation of the magnetic moment with
respect to its equilibrium value is perpendicular to Z. Therefore, it has two
components perpendicular to ¢ if this vector is parallel to Z and only one
component perpendicular to ¢ if it is perpendicular to Z.

The magnon dispersion relation allows us to investigate the nature of the
magnetic interactions. For instance, in a ferromagnetic system described by
a Heisenberg model, we have hyy = 2J[K(0) — K(p)], where K(p) is the
Fourier transform of the exchange interaction coupling.

1.4 Polarization analysis

The scattering of a polarized beam of neutrons together with the analysis
of the polarization of the scattered beam is a powerful tool that allows us to
extract much more information about the target than the simpler scattering
of unpolarized neutrons. Since, as we are going to see, polarization analysis
introduces correlations between nuclear and magnetic scattering amplitudes
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which are absent in the case of unpolarized beams, we have to consider
both nuclear and magnetic scattering at once. To this end, let us write the
scattering amplitude operator as a matrix in spin space:

Ag=Vz- 7+ Wyly, (1.163)

where ¢ and I are, respectively, the Pauli matrices and the 2 x 2 identity
matrix acting on the neutron spin degrees of freedom, and

- . 1 o L= - a3
Vi=pMig+g ) BT, We=) A, (1164)
n

n

In the above expressions En, fn, A, and B, denote, respectively, the po-
sition, the spin, and the two scattering lengths of the n-th nucleus [c.f.
equation (1.30)].

Let us consider elastic scattering. The density matrix and the polariza-
tion vector of the scattered beam are obtained by substituting (1.163) into
equations (1.25) and (1.27), respectively. The sum over oy defining /7 and
the trace entering equation (1.27) can be easily computed applying several
times the well known identity for the Pauli matrices

0a0g = I2003 + iz €0y 0, (1.165)
¥

and using Tro, = 0 and Tro,03 = 20,3. In the above equation e,g, is
the totally antisymmetric tensor in three dimensions. Then, the average
over the disorder can be computed as in section 1.2.4. The assumptions are:
i) there is no correlation between the probability distributions of isotopes
in different nuclei; ii) the nuclear spins are uniformly randomly oriented
in space; iii) the spin orientations of different nuclei are uncorrelated; and
iv) the disorder in magnetic properties is independent from the disorder in
nuclear properties.

Let us introduce the following quantities, appropriate for a generic scat-
tering target

Wy = Wg) = > b (i), (1.166)
Vi = (V) = p(Muig), (1.167)

where b, = A,, is the coherent scattering length of the n-th nucleus. Notice
that by definition V;; is perpendicular to ¢. Sometimes Wy and V;; are referred
to, respectively, as generic Nuclear Structure Factor and Magnetic Interac-
tion Vector for the whole system. Retaining only the coherent component
from equation (1.27), we get

Ip=WaWi + V- Vi + (W VE + VpWi) - B —i(Vpx Vi) - B (1.168)
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and

P = VW3 =V TR+ V(R T + (B0
+i(VgWs = WaVi) x By + WeVi + WiV +i(Vgx Vf),
where ﬁf and P, are, respectively, the final and initial beam polarizations.

The theoretical foundations of the scattering of polarized neutrons were
developed in [12, 19-26], and can be summarized in the Blume-Maleev equa-
tions (1.168) and (1.169) [24, 27] which open new possibilities to design
experiments with polarized neutrons beams.

Two consequences of equation (1.169) are immediately apparent: 1) if
there is no magnetic scattering, the scattered beam has the same polarization
vector as the incident beam; and 2) the magnetic scattering can polarize an
unpolarized beam, since the last three terms are independent of P.

Let us consider the elastic scattering by a crystal. As before, the ion
position is written as §l+Fd+ﬁld, and equations (1.166) and (1.167) become

Wo= Ny S 2R =30 Y @R (1.170)
I P 1

where Nz and M | g are given by equations (1.132) and (1.145). Then each
term of (1.168) and (1.169) contains sums in [ and !" of terms of the form
(1.133). Thus, each term of these equations is a sum of terms that contain
a Dirac delta function 6(q — H+K ). This is Bragg scattering, and the
delta functions define the Bragg peaks at ¢ = H+ K. We get the first
Blume-Maleev equation for the scattered intensity in a crystal as

I =|Ngl>+|M 4>+ (NJMiq+ N§MLJ> P +i (qux th) P, (1.171)

where the vectors N(;Z\ZI 7T N ;Z\Z 17 and 1]\2i 7 % M 1 are called, respec-
tively, Nuclear-Magnetic Interference Vector and Chiral Vector. The second
Blume-Maleev equation for the scattered polarization in a crystal is

1Py = (N = ¥LiqP) Bt (P ig) Mg+ (P Mig) g

i <N5MI*— quf\zﬁ(j> x P+ NgM7 -+ NiM;
- i< 17 1&)- (1.172)
Notice that, by definition, Nz vanishes if K is not a vector of the nuclear

reciprocal lattice, and the nuclear scattering does not contribute to the mag-
netic satellites.
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1.5 Magnetic Crystallography

Let us consider that the nuclear unit cell, as defined in section 1.2.4, con-
tains some magnetic atom located at site dy, of the asymmetric unit cell
with magnetic moment Mdm- The magnetic moment is an azial vector and
therefore its transformation rule includes the determinant of the operator
(det). Moreover, the symmetry group that we need to consider is not the
space group of the crystal but its magnetic space group where the Time Re-
versal operation (Z') can play a role (this operation reverses the components
of the magnetic moment and does not change the atomic coordinates).

The magnetic space groups (M) are obtained as the outer direct product
of the crystallographic group G and the group K formed by the Identity, Z,
and the Time Reversal, ', operations M C G Q K where K = {Z, Z'}. So
that a magnetic group has primed operations, in which the time reversal acts
after an operation of the crystallographic group, and unprimed operations.
Starting from the 230 space groups G, also known as Fedorov groups, it
is possible to buil the 1651 magnetic space groups, or Shubnikov groups,
M, as follows: Type I) 230 colorless groups without primed operations
(M = G), Type II) 230 grey or paramagnetic groups composed with the
same operations primed and unprimed (M = G + GZ'). The other 1191
called Black-White groups are built as M = H + (G — H)Z' where H are
the index 2 subgroups of G as constituting the unprimed elements and the
rest of operators (G — H) multiplied by the time reversal Z'. These Black-
White groups can be split in; Type III) 674 groups in which #H has the same
translation group 7 as G, and Type VI) 517 groups in which the translation
group 7 contains translations associated with the time reversal (primed
translations). Shubnikov groups can be generalized to magnetic superspace
groups in order to describe the symmetry of the incommensurate magnetic
structures.

A paramagnetic crystal is described with a grey group but when it orders
magnetically the time reversal symmetry is broken. Therefore, in the ordered
phase, its Shubnikov group will not include the Z’ operation alone, but it
can appear combined with any other transformation.

Let g, = {5p|73p|t_;,} be a symmetry operation of the magnetic space
group M. A magnetic atom of the dy,-orbit located at site p, related to the
site dy, by 7, = GpTa,,, will have a magnetic moment Mp = 0p det(Rp)RpMdm
where d,, is —1 or +1 for primed or unprimed §, operations, respectively.

Therefore the magnetic structure factor defined in (1.146) considering
N,y as the number of magnetic atoms at the asymmetric unit cell, indexed
with dy, and located at 7y_, and its p-th equivalents by symmetry (dp,-orbit),
reads:

Nau dpy —orbit
M =pY Fi(@) Y, Tpan(@)dpdet (Rp) RSz, ™09 m  (1.173)
dm p
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where the d,-index runs over the magnetic atoms associated to the propaga-
tion vector K (notice that the Fourier coefficient with index K contributes
only to the K-satellite), The sum over p concerns the symmetry operators
of the crystal that belong to the propagation vector group and Fy_(q) is the
magnetic form factor for the dp,-th atom. The constant p in front of the
right-hand side of (1.173) was defined in section 1.2.5. In the case of a prop-
agation vector different from zero, Eq. (1.144) tells us that two magnetic
satellites will be observed around each Bragg nuclear reflection.

1.5.1 Describing magnetic structures

It is possible to describe magnetic structures using the magnetic content
of the nuclear unit cell (magnetic moments or Fourier coefficients) and a
propagation vector which describe the relation between the orientations of
the magnetic moments located in equivalent magnetic atoms but in different
nuclear unit cells. The propagation vector appears naturally in the Landau
Theory of the 2nd order phase transitions as the modulation that minimize
the magnetic energy in the ordered state. The Irreducible Representations
(irrep) of the symmetry group of the propagation vector G¥ € G, knowing
that it transforms as a polar vector, are also employed to classify a magnetic
structure. Usually, only one propagation vector pair ({ff —K }) survives as
ground state describing the majority of the magnetic structures. However
also multi-K structures and structures with one K and its harmonics are
possible.

Based on the translation properties of a magnetic structure, it is possible
to define commensurate and incommensurate structures when, respectively,
the components of the K= (pgr) in the nuclear reciprocal lattice basis are
rational numbers ({p, ¢, r} € Q) or not. In the first case, it is possible to
find a magnetic unit cell that is a multiple of the nuclear one.

Let us now consider initially the simplest case in Eq. (1.143), that is
K = (000). In this case the Fourier coefficient S #a,, 18 areal vector equal

to the magnetic moment at site dy,, Mldm. This K means that the magnetic
and the crystallographic unit cells are the same. All the ferromagnetic (FM)
structures, and a large part of the antiferromagnetic (AF) ones, occur with
this propagation vector. Notice that AF with K=0is possible if there are
more than one similar atom at the unit cell.

For a propagation vector, K , on the Brillouin zone border, i.e. K= %ﬁ ,
the Fourier coefficient § Rd,, 18 real and the magnetic moment, along different
unit cells, change its sign, but not its modulus, according to:

Mg, = (-1 KSs, (1.174)

where R was defined in 1.2.4 and K has the form A1), (303), ete...
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Let us consider now that ({K,—K}) are at the interior of the Brillouin
zone. If the Fourier coefficients S 4,, are real or its imaginary and real parts
are parallel then they can describe an amplitude modulated or sinusoidal

structure:
My, = _’I?dm cos{2r(K -R; + Pra )} (1.175)

Also with ({K,—K}) at the interior of the Brillouin zone, in the general
case where the Fourier coefficients S Ra, are complex vectors, an helicoidal
or a cycloidal structure can be described if both the real and imaginary
parts of S Rq, are orthogonal. In the first case the propagation vector is
also orthogonal to both components but in the second case the propagation
vector is contained in the plane formed by both components. Let us see how
evolves the magnetization along different unit lattices I:

Mg = 2Re [§Rdm] cos{2n(K - ) + a )t (L176)

—

~2Im [ Sz, | sin{2n(K - B + oz, )}

If the real and imaginary part vectors have the same modulus, then the he-
licoid or the cycloid have a circular envelope; if not the envelope is elliptical.

The experimental finding of the propagation vector is the first step to
determine a magnetic structure. Usually this is done with powder neutron
diffraction techniques, which allow a quick inspection of the 3D reciprocal
space projected in 1D. The indexation of the magnetic peaks will produce
the magnetic lattice and therefore the propagation vector. Once this is done,
it is very convenient to use symmetry arguments to reduce the number of
possible magnetic structures. Finally, for each possible model it is necessary
to try and fit the magnetic intensities measured with neutrons'. A complete
monograph on these procedures can be found in [28].

At this point it is very important to remember that the experiments pro-
duce the scattered intensities, Iz, which are real positive numbers, because
they are proportional to the modulus square of the nuclear structure fac-
tor, or the magnetic interaction vector, which in absence of spatial inversion
symmetry are complex quantities. It means that the experiment does not
give a complete information on the nuclear or magnetic structure, because
different structures differing in a global phase factor will produce the same
intensities pattern. One example of this is explained latter.

1.6 Neutron Powder Diffraction

The first commercial X-ray powder diffractometer was introduced by Philips
company in 1947. In the fifties and sixties the use of these apparatuses

19The FullProf Suite has the necessary software to accomplish these tasks.
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increased, mainly due to mineralogists and metallurgists, as a tool to perform
primary structural studies (phase identification, defects, vacancies, etc...).
In 1969 Rietveld [29] developed a method for the whole pattern analysis of
the powder neutron diffraction data. Later, Cox, Young, Thomas and others
[30-32] firstly applied the method to analyze synchrotron and conventional
X-ray data. It is important to mention here that the Rietveld method is a
refinement process that requires an approximation to the correct structure in
advance. Nowadays powder diffraction is a very popular technique that can
be found in many laboratories to characterize any kind of crystalline matter
and plays a central role in structural physics, chemistry or materials science.
It has produced important advances in the knowledge and understanding
of high-T, superconductors, zeolites, fullerenes, permanent magnets, etc...
Extensive monographs on powder diffraction can be found in [33, 34]. Here,
we will explain some particularities or advantages of the neutron powder
diffraction that justify their use.

For a nuclear structure, which includes the determination of the posi-
tions of any light element (H, Li, C, N, O, S, etc...), or light elements in
the presence of any heavy element (U, Pb, Bi, Ta, etc...), the use of neutron
diffraction is the most suitable. For example, in [35] by using powder neu-
tron diffraction in the multiferroic (NHy)2FeCls-H2O, the anomaly observed
in the specific heat at 79 K was assigned to an order-disorder phase trans-
formation due to the hydrogen atoms in the NH, cation, which produces a
change of the symmetry from the space group Pnma at room temperature
to P2y /c for T' < 79 K. As an example of the second case, high-resolution in
situ, powder neutron diffraction was employed to determine the changes in
the UOq structure during oxidation allowing the determination and refine-
ment of the structure of -U3sO7 [36] at 483 K. Also, if some next-neighbors
elements are present (Mn, Fe, Co, Ni, etc...) simultaneously in the structure
(e.g. Fe,Ni,, alloys), they can be easily distinguishable by using neutron
diffraction.

In situ or in operando experiments, employing complex sample environ-
ments (very low and high temperatures mK to 3000 K, high pressure up to
30 GPa , high magnetic field up to 20 T), are easy and commonly performed.
Due to the large penetration depth of neutrons beams and their non destruc-
tiveness, the determination of residual stress or textures measurements in
bulk materials is another typical engineering application of neutron powder
diffraction [37].

As was explained before, neutrons interact with matter via the strong
nuclear force with the nuclei but also via the magnetic dipolar interaction
with the unpaired electrons, both interactions with a comparable intensity.
That is the reason why neutron powder diffraction is the primary tech-
nique to determine magnetic structures, as will be explained in detail in this
section. In certain cases, it is necessary to go further using single crystal
techniques, with polarized or unpolarized neutrons, as it will be explained
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later in sections 1.8 and 1.9.

A powder is a polycrystalline sample formed by a huge number of mi-
croscopic single crystals randomly oriented. Under these conditions, there
are thousands of crystallites!! in diffraction conditions when the powder is
illuminated with an appropriate wave. The 3-dimensional reciprocal space
of the powder formed by these crystallites is a set of concentric spherical
shells, with radiuses equal to the modulus of each node at the reciprocal lat-
tice (indexed with the vector H ). The intersection of these shells with the
Fwald Sphere gives rise to the powder diffraction as a set of Debye-Scherrer
Cones and the intersections of these with a 2D detector gives rise to the
typical Debye-Scherrer Rings. The integration around these rings reduces
the 2D data to a 1D diffraction pattern where the abscissae axis is the 20
angle (nA = 2dsinf) and the ordinates axis corresponds to the diffracted
intensity. Therefore, the 3D reciprocal lattice is condensed into a 1D in
powder diffraction pattern. This leads to both accidental and exact peak
overlap, and some times complicates the determination of individual peak
intensities. Also, if the powder is not randomly oriented and therefore it has
any preferred orientation, or textures, then the powder leads to biased peak
intensities.

In reactor based neutron sources, where the diffractometers operate usu-
ally at constant wavelength, the scattering variable is the 26 angle. However
in spallation neutron sources, due to their pulsed nature, the diffractometers
are based on Time of Flight techniques (ToF) being the scattering variable
the incident neutron wavelength A; of a polychromatic beam.

The principle of ToF is based on the fact that neutrons have a mass (m)
and therefore the de Broglie equation relates the wavelength of the neutron,
Ai, to its velocity, v; according to A\; = h/mu;, where h is Planck’s constant.
Therefore, it is possible to determine the wavelength of the neutron by
measuring the time ¢; that a neutron employs to travel a fixed distance
L. Combining these ideas with the Bragg equation yields:

ht; .
)‘i == mlL == 2dl sin 90, tl' == 50555685(40) L dz S11 90. (1177)

Therefore the d-spacing is proportional to the time of flight (¢;) and the
diffraction patters are collected at fixed 6y. To measure the ¢;, all we need
is to measure the arrival time of the neutron at the detector, knowing that
the starting time of the neutron is fixed by the use of chopper, in reactor
sources, or by using the pulses structure, in spallation sources. In equation
(1.177) the units are pus, m, and A for t;, L and d;, respectively.

HNotice that 1 cm® contains ~ 10° crystallites with size ~ 10um or ~ 102 crystallites
with size ~ 1um.
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1.6.1 Some ideas about the Rietveld method

A powder diffraction pattern is a histogram of counts measured at the de-
tector (y;, at the ordinates axis) for each value of the scattering variable
(z; at the abscissae axis), which can be scattering angles (26;), time of
flight (¢;) or energies E;. The Rietveld method consists in minimizing the
weighted squared difference between the observations y; and the calculated
Yical @gainst a set of different parameters (E) related mainly with the atomic
structure and microstructure of the sample and the optics of the instrument

(monochromators, collimators, slits, pulse structure, etc..):

X2 = sz{yz - yical(g)}Q’ (1178)
=1

where w; is the inverse of the variance (o2

7
represent the calculated counts as follows:

Vi = ) S6 Y Tpq Uwi = 24.9) + Yo (1.179)
6 q

) of the observation y; and yicq

The index ¢ runs over all the different phases, nuclear or magnetic, present
at the powder with scale Sy, the vector ¢'labels a nuclear or magnetic Bragg
reflection (= Horg=H+ K where H is a node of the reciprocal lattice
and K is a magnetic propagation vector), Q(z; — x4 4) is the peak-shape
normalized function centered at the Bragg position ¢ of phase ¢, which
includes the instrumental and sample microstructural effects, and I 7 is the
intensity of that Bragg reflection, which includes the modulus squared either
of the nuclear structure factor |[Ng|?> (Eq. 1.135) or the magnetic interaction
vector |M 17?* (Eq. 1.145), among other different corrections (asymmetry,
transmission, preferred orientation, efficiencies, etc...). The background is
represented by yp;.

The Rietveld method needs an initial, nuclear and/or magnetic, struc-
tural model as input. Essentially, it enters at the calculations of the nu-
clear structure factor (atomic coordinates, occupancies, Debye- Waller fac-
tors, etc...) or at the magnetic interaction vector (vectorial magnetic atomic
moments). Also the Bragg positions x4z are a function of the unit cell

(a7 b7 C, Ck, /87 7)
1.6.2 Selected examples

Magnetic structure of MnO

Up to year 1949 the only method to detect antiferromagnetism in a com-
pound was via indirect experiments, i.e. by observing some anomalies in
the specific heat and susceptibility. However, based on the pioneering paper
of Halpern and Johnson [12], Shull and Smart, at the Oak Ridge National
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Laboratory, initiated a research program to investigate at room temperature
the magnetic properties of powders of MnFs, MnSO,4, MnO and a-Fes O3
with neutron scattering. They found no magnetic Bragg signals in MnF,
MnSO4 but a short-range order in MnO and coherent magnetic scattering
in a-FeyOg, being the ordering temperatures, 122 K and 950 K respectively
[38]. In the case of MnO, they also collected neutron scattering data at 80
K and observed the same Bragg nuclear peaks observed at 300 K and, addi-
tionally, also new strong peaks not indexed with the chemical unit cell but
with a doubled cell in each crystallographic direction, in agreement with an
AF Longe Range Order (LRO) with a propagation vector K = (% % %) This
was one of the first magnetic structures determined with neutron scattering.

Antiferromagnetic structures with K = 0 in A,FeX;5-H,0 (A=K,
Rb, X=Cl, Br)

The family of low anisotropy antiferromagnets AsFeX5-HoO |, where (A=K,
Rb, X=Cl, Br) was well known in the eighties [39] due to the dimension-
ality crossover observed in its magnetic behavior [40] and also because its
experimental accessibility to the spin flop phase transition at relatively low
magnetic fields [41] (see section 1.7). Moreover, the diamagnetically site
diluted compounds AsFe;_,In,X5-HoO were a good physical realization of
the theoretical Ramdom Field Ising Model [42] by its equivalence with the
Diluted Antiferromagnet in presence of a Field model, as proved by Fishman
and Aharony [43]. Moreover, this AF family showed a significant remanent
magnetization, with singular scaling properties, when cooled in presence of
very low fields. All these facts increased the interest in these compounds
[44-48].

However, the magnetic structure of these compounds was unknown till
Palacio et al. collected neutron powder diffraction at the D1B and D2B
instruments at the ILL with several main objectives; i) to determine the
magnetic super-exchange pathways by refining the O and H atomic posi-
tions with high precision at low temperature, ii) to determine and classify
the magnetic structure and iii) to measure the temperature evolution of
the magnetic moment for each sub-lattice in order to compare it with the
observed remanent magnetization to see if both were proportional [49].

The analysis of the data accomplished all these goals. The system crys-
tallizes at the Pnma space group. The unit cell of AyFeXs5-DoO contains
four discrete [FeX5-HQO]2_ octahedra connected by hydrogen bonds. In
each octahedron three halogen atoms, the oxygen atom and the iron atom
are in special positions 4c and the other atoms are in general positions. The
octahedra are arranged in planes perpendicular to the b-axis. The hydrogen
bonds connect octahedra related by the inversion operator to form chains
along the b-axis. The structure is schematised in Figure 1.6.

The propagation vector found was K= (000) giving ac-ferromagnetic
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planes, antiferromagnetically coupled along the b-axis with all the magnetic
moments parallel to the d-axis (easy axis), being the super-exchange path-
way along the b-axis (J1) the most intense. The symmetry analysis helped
to classify the magnetic structure as the irrep I'1,, (A4, 0C) of Pnma which
is compatible with an A,, AF, mode along d-axis and an C, mode, also
AF, along the craxis, even if accidentally the refinement did not produce
any appreciable magnetic moment along the ¢-axis. The magnetic structure
had the symmetry of the Pn’m’a’ Shubnikov group. As we will see later,
the mode C, will play an important role in the magnetic structure of the
ammonium derivative (see section 1.7). Unexpectedly the magnetic moment
found at low temperature was 3.9(1) pp and 4.06(5) up, for respectively K
and Rb derivatives, which is around 20% lower than that expected for Fe3*.
This question will be analyzed later in section 1.8. The temperature evolu-
tion of the sub-lattice magnetic moment was found to be not proportional
to the observed remanent magnetization, excluding therefore the possibility
of a bulk effect as the origin of that remanence.

The problem of the global phase in CazCoy_,Fe,Og

The spin-chain compounds CagCos_,Fe, Og (x=0.2 and 0.4) crystallizes in
the thombohedral space group R3¢ where Co3" ions are located at Wyckoff
position 6a (00 i), with S = 2, and 6b(000), with S = 0, separated by Ca?*.
The Co®" ions in the adjacent spin chains are shifted by 1/6 or 1/3 along
the caxis. The compound with x = 0 was reported to exhibit a Partially
Disordered Antiferromagnetic (PDA) state, where 2/3 ferromagnetic Ising
spin-chain orders with AF interchain interaction while the remaining 1/3
are disordered with zero net magnetization. After the Rietveld refinement of
neutron powder diffraction it was possible to locate the Fe3* at the trigonal
prims sites 6a. At low temperatures additional magnetic Bragg peaks were
indexed in the nuclear lattice with a propagation vector K = (001) which
indicates that the centering translation £ = (00 %) was lost in the magnetic

structure. The I'y irrep of GX, common in both sites, labels the magnetic
structure and corresponds with ferromagnetic ac-planes, with the magnetic
moment parallel to ¢-axis, coupled AF along the b-axis.

In [50] it is demonstrated that two different magnetic structures, i) am-
plitude modulated structure with a propagation vector K = (001) in R3c
and ii) a PDA structure, with a propagation vector K = (000) in P1, are
able to fit the same neutron diffraction pattern because the Fourier coef-
ficients for each model only differ in a global phase factor that cannot be
determined by the experiment (see 1.2.5). Both models assure that the total
magnetic moment in the unit cell is zero and their Fourier coefficient is:

Sl?,pdm =
V©001), pdm — P(000), pdm = § (1.180)

m, (00 c)efi%wf?’ pdm
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where m, is the refined magnetic moment and ¢ = 1 or ¢ = 2/3 for re-
spectively K = (001) or K = (000) and the phase factor Vi pdy, fOT
each model differs in § for all the atoms in the orbit of both sites 6a
and 6b. Both models correspond to a magnetic moment parallel to the
C~axis, which changes its modulus along the z coordinate of the unit cell
following the sequences ‘/7§, 0, —@, @, 0, —§ for K = (000) and
Wl =i =11 - L for K = (001).

Incommensurate spiral magnetic structure in LiFeAs>O

Iron diarsenate was intensively studied because its redox properties as cath-
ode material in Li-ion batteries. However it was also interesting to un-
derstand how the Fe ions interacted, through magnetic exchange pathways
involving 2 oxygens, originating a LRO at temperatures ~ 35 K. For that rea-
son, and to refine the crystallographic structure regarding the light elements,
Rousse et al. [51] performed high resolution powder neutron diffraction
experiments at the instrument D1A at several temperatures and thermo-
diffraction from 2K to 50 K at the high flux D1B instrument, which is
optimized for magnetic measurements with its good resolution at low an-
gles.

The refined nuclear structure confirmed the space group as C2 and al-
lowed to locate with high accuracy the Li atoms, which are in the free chan-
nels along the (001) direction formed by each FeOg octahedron surrounded
by six diarsenate AssO7. Unlike the phosphate analogue, the patterns col-
lected in LiFeAssO7 below 35 K showed new extra Bragg peaks indexed with
a propagation vector K = (0.709 0 0.155), which is not a high symmetry
point of the Brillouin zone, representing a incommensurate structure.

With these conditions, the symmetry analysis does not provide any con-
straint on the Fourier coefficients. The authors excluded the possibility of
any spiral structure with axis parallel to neither any crystallographic axis nor
the propagation vector. However, by using simulating annealing techniques,
the authors found two possible orientations for the spiral axis, related by
the twofold rotation axis, indistinguishable by the diffraction pattern, and
a magnetic moment for Fe ion 4.28(3) up. This magnetic structure is inter-
mediate between a pure helical and pure cycloidal structure.

The magnetic spiral structure can be explained by considering a triangu-
lar topology of AF interactions between the Fe ions (J;, Jo and Js3), which
produces some frustration responsible from the non collinearity of the spins,
which fulfil the conditions Jy &~ 0.522J7 and J3 ~ 6.932.J;.

Long period helical structures

TM;3S¢ (T=Transition metal, M = Nb and Ta), an intercalated systems
of 2H-MS,, are described by the chiral space group P6322 and they appar-
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Figure 1.1: Neutron powder diffractograms around the nuclear (004) and
(103) reflections in (a) CrNbsSg and (b) CrTagSs. The vertical arrows
indicate observed magnetic satellite peaks

ently showed a variety of magnetic behaviours; paramagnetism for TiNb3Sg,
VNngG, TiTagS6 and VTa386, AF for Fergs(;, CONngG, NiNngG, COT&gSG
and NiTagSg, and ferromagnetism for CrNbsSg, MnNbsSg, CrTagSg, MnTagSg
and FeTagSg [52-54].

The monoaxial helimagnet CrNbsSg has received attention recently due
to the observation of magnetic chiral soliton lattice directly probed by Lorentz
transmission electron microscopy (LTEM) [55] and by the theoretical predic-
tions about its magnetic phase diagrams [56-59]. However thermal neutron
diffraction studies firstly reported that CrNbsSg was a ferromagnet because
the magnetic peaks were observed at the same diffraction angle as the nu-
clear ones [60].

The pitch angle of a chiral helimagnetic structure, mainly determined
by the ratio of the exchange interaction (J) and the Dzyaloshinskii-Moriya
interaction (D), is usually very small and therefore the period can be hun-
dreds of angstroms'?. In some cases, the angular resolution of conventional
neutron diffractometers is not high enough to separate nuclear Bragg from
magnetic satellite peaks. As a consequence, some compounds with helical
ordering may be easily misinterpreted as ferromagnets.

In this example, it is highlighted that ultra high resolution neutron
powder diffraction experiments made it possible to detect incommensurate
satellite peaks related to very small propagation vectors in the compounds
CrNbsSg and CrTagSg, previously reported as ferromagnets [61].

For that purpose, the experiments were performed at the SuperHRPD
diffractometer, in the Materials and Life Science Facility (MLF), at 10 K

1211 helical structures, driven by magnetic frustration the period is usually shorter
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and paramagnetic phase at 160 K and 180 K for, respectively, CrNbgSg and
CrTagSg. Fig.1.1 shows the results around the nuclear (004) and (103) re-
flections for CrNbsSg and CrTagSg obtained by the backward detector bank.
The magnetic satellites for both compounds (Fig.1.1) were successfully sep-
arated and indexed by K = (004), with § = 0.0206(2) for CrNbsSg, giving a
helimagnetic period of 510 A, slightly longer than that reported with LTEM.
This discrepancy was assigned to the sample quality because a fewer defects
in Cr sites may change the helical periodicity governed by D/J. The new ob-
served peaks for CrTagSg were indexed with 6 = 0.0538(1), which produced
a period of 225 A.

1.7 Single Crystal Neutron Diffraction

As it was explained before, the NPD techniques provide unique information
about the magnetic periodicities, or magnetic correlations, in magnetically
Long Range Ordered (LRO) materials. However the information given by
the powder diffraction techniques is sometimes incomplete because, basi-
cally, we have only access to a projection of the 3D reciprocal space onto
one dimension (1D), i.e. only the modulus of the reciprocal lattice H node
vector is measurable and therefore different reflections I; associated to H
vectors with the same modulus will overlap at the same point in the powder
diffractogram. However the diffraction in single crystals will permit the full
exploration of the 3D reciprocal space and the individual measurement of
each reflexion I ;. Moreover, diffraction in single crystals will specially be
suitable when an external axis needs to be defined (e.g. a magnetic field).
In the next examples these ideas will be illustrated.

Modulated magnetic structures in multiferroics

The magneto-electric effect, i.e. the cross control of magnetization with elec-
tric fields and the electric polarization by magnetic fields, was predicted a
long time ago by Pierre Curie [62]. Later on, in the 1960’s and 70’s, materials
with this effect attracted great interest. However, it was after the discover
of magneto-electric multiferroicity in the perovskite TbMnOg3 by Kimura et
al. [63] when these materials became interesting from the point of view of its
spintronic applications, because of its enhanced coupling. In their seminal
paper, several magnetic models to explain the observed magneto electric-
ity properties in TbMnOgs were suggested and, as a consequence, it was
imperative to revisit the previous knowledge about its published magnetic
structures.

Magnetic structures of TbMnQOs. At room temperature the crystal struc-
ture of TbMnOgs can be described with the space group Pbnm. The heat
capacity shows three anomalies at Ths, =~ 41 K, T, =~ 27 K and Tpp = 7
K. Previous neutron scattering experiments seemed to indicate that the Mn
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sublattice ordered with a sinusoid modulated AF structure between Ty, and
Ty, with the magnetic moments parallel to the b axis, and an incommensu-
rate propagation vector K = (0 0.295 0), which slightly decreased its value
to K = (0 0.27 0). In this region, X-ray diffraction revealed that the mod-
ulated magnetic order was accompanied with a lattice modulation. In the
region between T, and T, the magnetic propagation vector locked at con-
stant value K = (0 0.27 0), and below Ty, the Tb ions ordered magnetically
with a different propagation vector. It is below 17, when ThMnOg develops
ferroelectric behaviour with an electrical polarization parallel to the ¢ axis.
It is clear that the knowledge of the magnetic structure is not complete and
for that reason new neutron diffraction experiments in single crystals were
needed. Initially Kajimoto and co-workers [64, 65], from experiments in
single crystals, suggested the existence of a complex non-collinear magnetic
order below T, together with the incommensurate lattice modulation.

Moreover, the experiments done by Kenzelmann and co-workers [66] con-
tributed to clarify the magnetic models at every region of the T'— B phase
diagram. Their works agreed with the order observed previously for the re-
gion between Ty, and T, They classified the magnetic structure under the
I's irrep of G without observing high-order Fourier components. However,
in the region from 17, to Ty, they described the magnetic structure by using
I’y and I's irreps forming a elliptical spiral perpendicular to the b axis and
with a significant magnetization along the @ axis in the Tbh sub-lattice. The
simultaneous presence of both irreps indicate the breaking of inversion sym-
metry and therefore the presence of electrical polarization below 717,. Below
Ty, a new propagation vector, I?Tb = (0 0.425 0), associated with Tb ions
appeared together with several strong odd high-order harmonics, indicating
strong distortions at the sinusoidal modulated Tb magnetic structure.

Multiferroicity in the molecular compound (NHy )y FeCls-Hy O. The mag-
netic structures of the low anisotropy AF series AoFeX5-HoO at zero mag-
netic field were discussed in subsection 1.6.2. However, the ammonium
derivative (NHy)oFeCls-HoO, which has been described as the first molecu-
lar multiferroic [67], develops a slightly different one [68, 69]. In fact, this
compound shows two anomalies in the heat capacity curves at Trp = 6.9 K
and Ty = 7.2 K associated with different magnetic phases. Single crystal
neutron diffraction at cero magnetic field allowed to determine an incom-
mensurate propagation vector K = (0 0 0.2288) at 2K. Moreover, none of
the models described by an unique irrep of the G&, with G = P2;/c, did
reproduce the collected magnetic reflections. However the simultaneous use
of 2 irrep, with a phase difference between the Fourier Coefficients of the
respective irrep of 7/2, fitted it. It was a hint of a symmetry reduction
from 2/m — m, also needed to explain the observed ferroelectricity in this
compound. Within this model, the Fe magnetic moments develop 2 pairs
of AF coupled cycloids contained in the a,c-plane and propagating along
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Figure 1.2: Magnetic structures of (NHy)2FeCls-HoO for the three regimes of
the magnetic field applied parallel to the @ axis at T' = 2 K. The propagation
vector K is changing from Ky = (0 0 0.23), to Ks5 = 00 i) and K5 =
(0 0 0) for fields 0, 2.5 < B <5 and 5 < B T. The green arrow represents
the direction of the electrical polarization vector.

the c-axis with a phase shift of 41.5°. The same super-exchange pathway
along the b-axis (J1) that produces the AF coupling in the cycloids, and the
reduced magnetic moment of 3.8 up measured for the Fet? ions, were also
observed in the K and Rb derivatives.

Spin-Flop transition and magnetic structures in the hybrid mul-
tiferroic (NH,),FeCl;-H,O

In the preceding paragraphs, the magnetic structures of the series of easy
axis Heisenberg AF AsFeX5-HoO |, at zero magnetic field, determined from
NPD experiments, has been shown. However, due to the low anisotropy of
the ion Fe3T in these compounds, its Spin-Flop transitions occur at rela-
tively low fields (B < 5T)) [39]. It facilitated the determination of the mag-
netic structures inside the Spin—Flop region, by using single crystal neutron
diffraction techniques with an applied magnetic field. In fact, the magnetic
moment flopped from the @ axis at zero field to the ¢ axis for fields B <3T
keeping the same irreps I'y,, of the space group Pnma [70].
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In crystals of the ammonium derivative (NHy)2FeCls-Ho O, which shows a
multiferroic behaviour, the evolution of its cycloidal magnetic structure was
also studied, by applying a magnetic field parallel to its @ easy axis at low
temperatures (I' = 2K), with the help of neutron diffraction [71]. These ex-
periments showed the change of the propagation vector from Ky = (000.23),
to K35 = (00 1) and K55 = (0 0 0) for fields B = 0, 25 < B < 5 and
5 < B T. The electrical polarization vectors related to the magnetic struc-
tures determined in these experiments are in agreement with the macro-
scopic measurements done in Ref. [67]. The knowledge of the magnetic
structures, incommensurate and distorted commensurate cycloidal in the ac-
plane and collinear in the ¢ axis (corresponding to the spin—flop transition),
leads to the conclusion that the mechanism responsible for multiferroicity in
(NHy4)2FeCl5-H20 is changing from the so called spin—current mechanism to
the spin—dependent p—d hybridization mechanism. The magnetic structures
in the three different magnetic field regimes are displayed in the figure 1.2.

Magnetic ordering by dipolar interactions in Single Molecule Mag-
net Mns-acetate

In the 90’s the molecular magnetic clusters like Mnjs or Feg or Mny and oth-
ers where intensively studied because they show a Single Molecule Magnet
(SMM) behaviour including quantum tunnelling of the magnetization vec-
tor [72-77] . All of them behave as super-paramagnetic entities with a large
magnetic moment, blocking temperatures below 10 K and a large magnetic
anisotropy. Here we will focus on the Mnjs-acetate cluster.

Mnis-acetate is a cluster containing 12 Mn atoms arranged in such a
way that 4 ions with Mn** with S=3/2 are in a core surrounded by 8 Mn3+
with S=2 coupled AF [78, 79] with those of the core giving a total spin
equal to 10 and therefore a magnetic moment of 20 up. It crystallizes in
the tetragonal space group I4 with 4 molecules in the unit cell with a quasi
null intermolecular exchange due to weak Van der Waals forces.

Mn;o-acetate was theoretically predicted at low temperatures (~0.5 K)
to be a ferromagnetic LRO due to strong dipolar magnetic interactions be-
tween the high-spin molecules [80]. Therefore the verification of this predic-
tion was a very nice experiment to be done with the use of neutron diffraction
in a deuterated single crystal (0.5x0.5x1 mm?) of Mnis-acetate.

However, the spin reversal via quantum tunnelling in Mns-acetate be-
comes extremely slow at low temperatures (~2 months at T=2 K) and, for
the time scales 102-10% seconds of a typical neutron diffraction experiment,
the spins are unable to attain thermal equilibrium below a blocking tem-
perature Tp ~ 3 K, higher than the ordering temperature T¢ ~ 0.5 K.
This problem could be circumvented by the application of an orthogonal
magnetic field to the anisotropy axis ¢ of Mnjs-acetate (é 1) that promotes
quantum tunnelling of the molecular spins [81].
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Figure 1.3: Evolution of the reflection (2 2 0) for different magnetic fields
B, and temperatures (left) and the experimental magnetic phase diagram
of Mnjg-acetate (right). From ref.[81].

The experiment was performed at the instrument D10 of ILL, as pro-
posed in the last paragraph, by using a cryomagnet to apply vertical mag-
netic fields up to 6 T and with a dilution fridge to go down to ~30 mK.
The examination of several appropriate magnetic reflections of a deuterated
crystal of Mnjs-acetate, aligned with it ¢ axis in the horizontal plane and
its (110) axis parallel to B\, as a function of T and B, were enough to
determine its magnetic phase diagram, which shows a ferromagnetic phase
transition line at ~ 0.9 K at zero field in agreement with the predictions
(Figure 1.3). These results verified that for large enough B, the molecule
of Mnjo-acetate becomes diamagnetic because its ground state is something
like |¢) = |10, +10) — |10, —10) giving S7 =0

Trapping the different magnetic phases in the chiral molecular
magnet [Cr(CN)s][Mn(S)-pnH(H20)]-(H20)

The magnetic-field-induced effects can be anticipated to be very large if the
structurally chiral compound orders magnetically (e.g. ferrimagnetism, fer-
romagnetism, weak ferromagnetism, conical, helical, etc...) below a certain
temperature. Despite this interest, very few molecular candidates likely to
exhibit magnetic and nuclear chirality have been synthesized until now.
Inoue and coworkers have recently developed a synthetic approach based
on cyano-bridged bimetallic complexes by networking magnetic ‘bricks’ that
have more than three connections. In these compounds, cyanometallate
magnetic anions [M(CN),]™~ and a second magnetic metal ion M’ coor-
dinated to a chiral ligand alternate as building blocks to develop a chiral
lattice [82, 83]. Here we analyse the magnetic structures of the chiral mag-
netic molecular compound of formula [Cr(CN)g][Mn(S)-pnH(H20)]-(H20)
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where (5)-pn=(5)-1,2-diaminopropane prepared following Inoue’ s strategy.

This compound presents three nuclear phases, each one is magnetic at
low temperature with critical temperatures of T¢ = 38 K, 39 K and 73 K
for Phases I, II and III, respectively, all remarkably high temperatures for a
metal-organic molecular magnet. The three phases can be transformed into
one another, differing mainly in the position of the chiral carbon and in the
water content, by heating and cooling and applying vacuum conditions. Re-
markably enough, all three nuclear phases (and therefore also the magnetic
ones) are reversible and can be reached in the same experiment by using
neutron LAUE diffraction [84].

For the three phases the space group is P212:2;. In Phase I the Mn?*
ions are linked to four Cr®* ions by four of the six cyanide groups in the
[Cr(CN)g]3~ ion thus forming a bimetallic patchwork that is arranged almost
perpendicularly to the ¢ axis to form a two-dimensional chiral network. The
Mn?*t ions are also linked to one water molecule and to the amino-acid
ligand, which induces the chirality and completes the octahedron [85].

As particularities of the neutron LAUE diffraction method we can men-
tion that i) it gives access, in a very fast way, to a large portion of the
reciprocal space and therefore it allows some ”dynamic” crystallographic
studies and ii) LAUE methods use a quasi "white” neutron beam, which
means that the number of neutrons arriving to the sample is increases, and
therefore it can be employed in very small crystals.

In a small crystal of [Cr(CN)g|[Mn(S)-pnH(H20)]-(H20) this technique
determined that the propagation vector is K = (0 0 0) for the three mag-
netic phases, so the nuclear and the magnetic unit cells are the same. All
three phases show two interpenetrating magnetic sublattices, one of Cr and
another one of Mn AF coupled. Magnetic Phases I and II can be described
by the irrep I'y of P212:2;, which leaves the @ axis ferromagnetic, while
Phase III is described by a I's, leaving the b axis ferromagnetic. The magni-
tudes of the moments are slightly less than the spin-only moments for Cr3+
and Mn?*, but are in good agreement with similarly coordinated ions in the
other Cr and Mn compounds.

1.8 Polarized Neutron Diffraction

The experiments described till now were performed with non-polarized neu-
trons beams, so that the intensity diffracted was Iz = Nquf + Mlq- MLT
(7= H + K where H is a node of the reciprocal lattice and K is the mag-
netic propagation vector that plays only in the magnetic part). In such
expression, the Nuclear Structure Factor, Nz, and the Magnetic Interaction
Vector, M 1> appear not coupled.

However, if we polarize the neutron beam, by using, for example, 3He
spin filters or Heusler-Alloy monochromators, the first Blume-Maleev equa-
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tion (Eq. 1.171) states that, on top of the modulus square of Nz and Mlq‘,
the scattered intensity, Iz, incorporates the initial polarization vector of the
neutron beam, ]5;', multiplying the Nuclear-Magnetic Interference Vector
(Nqﬂ]\_jiqq—{— N(;Mlq) and the Chiral Vector i(]\ZfLT X Mlg), which is non null
for non-collinear magnets.

In the following examples the initial polarization P, of the neutron beam
can be changed between two states, up (1) and down (J), or parallel and
antiparallel, and the detector counts for all the scattered neutrons for each
initial polarization state up, IqI, or down, qu. These scattered intensities
include both non spin-flip and spin-flip processes (e.g. I} = I}T + Iqﬂ and
qu = Ié,i + Iy). These are the ideas of the Linear Neutron Polarimetry
initially developed experimentally by Moon, Riste and Koheler [86].

The Fourier transform of the magnetic structure factors, M(T, which can
be experimentally determined by using polarized neutron diffraction (PND)
is directly related to the magnetization density in the unit cell. In these ex-
periments a key point is the maximization of the induced magnetization in
the sample along the magnetic field axis, which is parallel to the initial beam
polarization. For that reason, in most cases, high magnetic fields and low
temperatures will be used for paramagnetic samples. Also, in these experi-
ments, the previous knowledge of the crystalline structure (i.e. the nuclear
structure factors Ng) obtained from a non-polarized neutron experiment is
needed.

Whilst the nuclear contribution to the diffraction intensities is indepen-
dent of the polarization of the neutron beam, the magnetic contribution
varies depending on whether the incident beam is polarized parallel (1) or
anti-parallel ({) to the applied field. In a PND experiment the measured
quantity is the Flipping Ratio, Ry = I}/Ig, where I} and qu, were defined
before and they adopt the following expression when the polarization of the
neutron beam is parallel to a magnetic field applied along the Z axis:

I = |NGlP 4 (NgM ik NEM? )+ M g2 £ i(MTEMY 5 M MY, (1181)

where the upper or down sign in + or F is taken for up (1) or down (J) initial
polarization, respectively. Assuming that the magnetization is parallel (or
quasi-parallel) to the polarization of the beam P; or the interaction vector
is real (M7= MLT)’ the Flipping Ratio Ry is given by,

I3 NG+ (NgM T+ N ) + Mgl
I} INGP = (NN Ny ) + M 1P

=

q

(1.182)

where ¢ is the scattering vector of the Bragg reflection'3, Ng and M | g are
the nuclear structure factor and magnetic interaction vector, respectively.

131f these experiments are done in a magnetically ordered crystal then the nuclear and
magnetic lattices need to be the same
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When the crystal structure is non-centrosymmetric, both Nz and M 1§ are
complex, and the magnetic structure factors ]\25 cannot be directly extracted
from Eq. 1.182 by using direct methods (Fourier Transform, Maximum En-
tropy). Instead, the spin density can be modeled to provide a best fit to
the flipping ratios by using indirect methods. Two approaches have been
utilized to model the spin-density distribution; (a) magnetic wave-function
approach [87] and (b) multipolar-expansion approach [88].

Magnetic wave- function approach. In this approach the magnetization den-
sity m(7) = |<M >‘ coming from each ion can be described in terms of an
orbital \¢,> centered in that ion

= D S |7l [P and |ii) =D aijleg) - (1.183)
J

i€atoms

The S; are the atomic spin populations and the [¢);) are the atomic magnetic
wave functions, which are linear combinations of standard atomic orbitals
and the coefficients a; fulfill the condition ), |avij|* = 1. The atomic spin
populations, S;, the coefficients «;;, and the radial exponents of the Slater
atomic orbitals are the parameters of the model.

Multipolar expansion approach. In this approach the spin density is par-
titioned into separate atomic contributions which are expanded in the basis
of real spherical harmonics Y}, which are also referred to as multipoles [88]

Z ZRl |7 = 7il) Zpi’”yl 0i, i), (1.184)

i€atoms m=—I

where plim are the population coefficients of the real spherical harmonics
Vi (0;, i) and R! are the Slater radial functions defined as:

n;+3
Ri(r) = —b——pme=ar, 1.185
) = polgre (1185)
The ideas described here were applied to understand the magnetic interac-
tion mechanisms in the purely organic magnet family p-X-CgF4CNSSN and
in the low anisotropy AF family AsFeXs5-HoO .

Spin density experiments in p-O;N-CgF,CNSSN and A;FeX;-H>0O
(A=K, Rb, X=Cl, Br)

Magnetic interaction mechanism in p-X-CsFyCNSSN (X=02N, CN, Br, I).
To enhance the magnetic interaction, and therefore the temperature for
magnetic LRO, sulphur based organic magnets were proposed [89] due to
the larger radially extension of the sulfur atomic orbitals compared with
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Figure 1.4: Relative space localization of two molecules of p-OoN-
CgF4CNSSN. The magnetic interaction between these two molecules is sup-
posed to be ferromagnetic due to the small magnetic orbital overlapping.

those of the oxigen in p-NPNN (7¢ = 0.65 K) [90]. This strategy proved to
be very successful and it is today the phase § of p-NC-CgF4CNSSN, which
undergoes a phase transition to a canted AF state below 36 K, being the
metal-free compound with the highest reported magnetic LRO temperature
[91].

The spin density studies in a crystal of p-OsN-CgF4CNSSN, obtained
with polarized neutron diffraction, and supported by ab-initio Density Func-
tional Theory (DFT) calculations, were crucial to provide a fundamental
understanding of the magnetic behavior of the dithiadiazolyl radical fam-
ily and the magnetism of p-orbitals, which can be employed to design new
metal-free sulphur-based magnets [92].

The polarized neutron diffraction studies revealed that the spin density
is almost entirely located on the sulphur and nitrogen atoms of the dithia-
diazolyl ring in a p, orbital-type distribution with the Z axis perpendicular
to the ring, and a small negative spin density on the C atom arising out
of spin polarization. These studies also show that the spin density is dis-
placed away from both atoms and bonds within the dithiadiazolyl ring, in
agreement with the anti-bonding nature of the SOMO determined by ab-
initio DFT calculations. Both the experimental and theoretical studies also
indicate small negative spin densities in the plane of the heterocyclic ring.
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This exhaustive and complete study of the spin density in the prototype
system p-OsN-CgF4CNSSN helped to better understand the magnetic inter-
action mechanism, and therefore the magnetic behavior, in all the members
of the serie p-X-CgF4CNSSN (X=03N, CN, Br, I), for which the packing is
controlled by the substituent in the para position. This is due to the fact
that the relative positions in the space of the interacting magnetic molec-
ular orbitals, which have been determined to be located in the ring of the
-CNSSN, control the nature and strength of the magnetic interactions.

In Figure 1.4 the relative positions of the magnetic orbitals of the rings
-CNSSN from two different molecules of p-OsN-CgF4CNSSN. Because the
quasi-null overlapping of the magnetic orbitals, the magnetic interactions
between those molecules must be ferromagnetic.

Enhancement of the magnetic interaction constant by spin delocalization
in the family AsFeXs-HyO (A=K, Rb, X=Cl, Br). As mentioned in the
preceding sections, these series of low anisotropy AF showed magnetic LRO
at relatively high temperatures (T > 10 K) [39] compared with other hy-
drated salts of transition metal ions CsoFeCls-4H2O (T = 0.185 K [93]) or
CsoMnCly-2H0 (Te = 1.8 K [94]) with similar coordination and with sim-
ilar, or even shorter, magnetic super-exchange pathways. In AsFeX5-HoO
there are five different possible magnetic interactions which are propagated
through two super-exchange pathways, which consist of double bridges of
thesort Fe— X --- X —Feor Fe—O—H--- X — Fe. These super-exchange
pathways, which will be explained in detail later in this chapter, are sur-
prisingly effective in transmitting the magnetic interaction that results in
relatively high transition temperatures.

The knowledge of the spin density distribution in the AsFeX5-HoO series
allows the determination of whether the relatively high magnetic transition
temperatures are due to an important spin delocalization from the iron ion
toward the ligand atoms. The existence of such a spin delocalization, which
would strengthen the interaction between magnetic orbitals localized in dif-
ferent octahedra, is also supported by a reduced magnetic moment observed
with neutron powder diffraction experiments at the Fe3* site, (3.9(1) up
and 4.06(5)up for KoFeCls-HoO and RbyFeCls-H2O, respectively) far below
the 5up expected for the saturated magnetic moment of the Fe3* [95].

Polarized neutron diffraction experiments, done at the D23 instrument
from the ILL, on KoFeCls-HoO and RboFeBrs-HoO were performed to cor-
roborate the hypothesis [96]. In this case, the Flipping Ratios were analyzed
with the Maximum Entropy Method [97] and with a multipolar expansion of
the spin magnetization and it was demonstrated that the entity [FeXs5-HyO]
is much more effective at delocalizing the spin, ~ 20%, than other 3d tran-
sition metal complexes aqua or halide coordinated [98-107]. As for iron
compounds, in a Fe’t compound, FeFs, there is a 10% spin delocalization
from the iron ion [108] and in a [FeCls]™ complex the spin population of
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the chlorine atoms is around 0.15 pp [109]. Also Campo and co-workers
[96] showed that the spin delocalization is larger for Br than for Cl atoms,
which explains why the transition temperatures in the bromide compounds
are higher than in their chloride analogs. It was found also that, inside the
distorted octahedra [FeX5-H2O], the shorter the distance between the halide
(X) and the Fe ion, the higher the spin delocalization at the halide, except
in the case of the halide forming part of the pathway Fe— O —H --- X — Fle,
which define the most intense magnetic interaction constant, Jy, in these
compounds.

This spin delocalization reflects the fact that the magnetic molecular
orbitals are spread over the ligand atoms, thus enhancing the magnetic in-
teractions through a super-exchange magnetic interaction mechanism. This
enhancement of the magnetic interactions is the cause of the surprisingly
high transition temperatures in this series of compounds.

Determination of atomic site susceptibility tensors

In the last section it was assumed that the magnetic field induced magne-
tization of the sample (M _‘) and the applied magnetic field (_)) were par-
allel, i.e. the magnetic anisotropy was negligible and therefore M = XB
However this condition is not every time satisfied. In these cases it is nec-
essary to take into account the anisotropic susceptibility for each magnetic
crystallographic site, the bulk magnetization being the sum vector of all of
these. The formalism for calculating the magnetic scattering in these cases
was developed by Gukasov and Brown in Ref. [110]. For example, for one
magnetic ion located on site dp, the local induced magnetization will be
M = Xd"‘B where Y% is the symmetric local susceptibility tensor for site
dm Wlth the number of independent components given by the local symme-
try of the site dn. An equivalent magnetic atom located at site p related
to the site dy, by 7, = gpTg,,, where the magnetlc group symmetry operator
is gp = {0,|R,|tp}, would have magnetization M, = X?B = R X R, 1B.
Therefore, the magnetization distribution at the unit cell, considering only
one magnetic atom at 7 and its equivalents by symmetry (dp,-orbit), reads
dm—orbit
M(F) =Y ma, (7= §pia,) RpX*" R, B, (1.186)
P

where mg_ (7) is the magnetization distribution (assumed spherical) around
the atom d, and p runs over the symmetry operators of the space group of
the crystal that generates the atoms of the dy,-orbit. The expression (1.186)
can be easily generalized for several magnetic sites in the asymmetric unit

cell. Therefore the magnetic structure factor becomes

Nau dm—orbit
= "Fu(q) Y. RyX™R,'B e, (1.187)
P
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where the dy, index runs over the magnetic atoms, the Fy;_(q) is the magnetic
form factor for the d;,-th atom. At most, six free parameters define the local
susceptibility tensors y®». For some cases, when the magnetic atom occupies
an special Wyckoff position, it is possible to add symmetry constraints,
reducing the number of parameters, by imposing Rp)zdmR; I = {9 for those
operations of the space group g, for which g,7y, = 74,.. The relationship
between the bulk and site susceptibilities tensor is Y*** = 3~ o Zp RpxPdm.
The bulk susceptibility tensor transforms with the full symmetry of the
crystallographic class.

The magnetic structure factor expressed in Eq. 1.187, parametrized with
the components of the site susceptibility tensors, can be used to model the
Flipping Ratios (Eq.1.182) which can be measured with polarized neutron
diffraction experiments. These ideas were used to reinvestigate the magnetic
structures of Nds_,S4 and UsAl,Sis [110, 111].

The compound Nd3_,Sy crystallizes in the cubic space group I43d in
which the twelve Nd atoms occupy the Wyckoff position 12a with a local
tetragonal symmetry 4 (3 sets of 4 Nd atoms with tetragonal axis parallel
to each of the 3 main axis). Unpolarized neutron diffraction experiments
with magnetic field parallel to one of the main axis demonstrated that there
is a large difference between the magnetic moments found for the Nd lo-
cated in the set with its tetragonal axis parallel to the field and the other
2 sets of 12a. However, for an arbitrary orientation of the crystal with
the magnetic field, no symmetry constraints on each Nd magnetic moment
could be applied. The approach of the site susceptibility tensor, for this
particular space group and Wyckoff position, implies that only to param-

eters are needed regardless of the field direction y12¢ = yi3% # yi2¢ and

i3 = X%g“ = )ag“ = 0. By measuring Flipping Ratios, it was possible
to determine these 2 parameters: x12¢ = 1.45(5)up and ¥32% = 0.55(5)ug.
These parameters represent an oblate susceptibility tensor for each one of
the 3 sets of Nd in 12a, each having its short axis parallel to the main axis
on which it lies. The non-collinear distribution of Nd magnetic moments
is not incompatible, however, with the bulk cubic symmetry of the crystal,
since the vector sum of all magnetic moments remains parallel to the field,

and invariant with respect to the field orientation.

UsAl,Si3 crystallizes in the tetragonal body centered space group [4
and the U atoms are sited in 3 different Wyckoff positions; Ul and U2 in
2a, with tetragonal local symmetry, and U3 in 8¢, with triclinic symmetry.
The system orders magnetically below T = 36 K, with propagation vec-
tor K = 0, and previous neutron powder diffraction experiments seem to
indicate, with good agreement factors, a collinear AF order for Ul and U2
sub-lattices and ferromagnetic order for the U3 one. However, this model,
in which Ul and U2 are in similar Wyckoff positions, produces very dif-
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ferent magnetic moment, for each of these Uranium atoms. Nevertheless,
the local susceptibility approach shows clearly that, in the paramagnetic
region, there is a strong elongation of the magnetic susceptibility tensors of
U3 (prolate) along one of the (110)-type axes, which increases as the tem-
perature decreases. In the ordered phase, a non-collinear structure emerges
with magnetic moments pointing along the same (110)-type axes, giving a
net ferromagnetic moment in the ab-plane. On the contrary, the Ul and U2
atoms show a rather low local susceptibility, suggesting that these atoms
have small moments, characterized by nearly spherical magnetic ellipsoids,
indicating low local anisotropy. The absence of ordering in the U1, U2 sub-
lattices at low temperatures must be attributed partly to the low moment,
and partly to the fact that the first magnetic neighbor of either Ul or U2
atoms is far away.

1.9 Spherical Neutron Polarimetry

In the previous section the polarization of the incoming and scattered neu-
tron beam, respectively P, and ]3f, was fixed to be parallel or antiparallel
to a given direction (£) following the experimental method developed by
Moon et al. [86]. However, this method cannot distinguish a rotation of the
neutron polarization vector from a change in its modulus. This is the reason
why the method of three-dimensional analysis of polarization (or spherical
neutron polarimetry, SNP) was developed. Basically, the idea is to imple-
ment experimentally the second Blume-Maleev equation (1.172) [112-114].

However, it was in 1989 when Tasset and his colleagues developed at the
ILL the instrument called CRYOPAD, which allowed the three-dimensional
analysis of the polarization at large scattering angles [115, 116]. In CRY-
OPAD the neutron beam can be initially polarized, ﬁi, in the three orthog-
onal directions &, ¢ and 2, (righ-hand coordinate system). The scatterer
(sample) is placed in zero magnetic field, and the three components of the
polarization vector of the scattered neutrons, ]Sf, are measured for each
initial ]5; and for a given scattering vector ¢. This conforms the polar-
ization tensor ]Sfi, where the indices f and i refer to the final and initial
polarizations. For example, it is possible to measure the diagonal compo-
nents Pff , 15}’;/ and Pff , the same determined in the linear polarization

analysis, and the non-diagonal components (]5}’;5 , etc.), related to a polar-
ization rotation in the scattering event. The SNP, some times also called
zero-field polarimetry, allows the determination of complex magnetic struc-
tures. Domain structures and the effect of external influences can also be
studied [117-121]. Another advantage of SNP (also valid for linear neutron
polarimetry) is that the measured data, to a good approximation, are not
affected by extinction effects. In the next subsections several applications
of this technique will be highlighted.
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Proving the magneto-electric coupling in the molecular multifer-
roic (NH4)2F€C]5-H20

As explained in the previous sections, the compound (NHy)2FeCls-Ho0O has
been described as a molecular improper multiferroic [35, 67, 69, 71, 122].
However, from the macroscopic characterization and the unpolarized neu-
tron diffraction experiments it was not posible to elucidate the nature of the
magnetic phase observed between Trp = 6.9 K and Ty = 7.2 K. In fact, it
was supposed, by analogy with the archetypical compound ThMnQO3 where
two order parameters condense successively at Trp and Ty [66], that it
should correspond with a sinusoidal modulated magnetic phase, either par-
allel to the @ or to the € axes, respectively labeled with the irreps I'y or I'y
of the little group of the propagation vector Ky = (0 00.23) in P2y/c. This
would correspond to a transition on warming from a cycloidal (T' < Trg) to
a collinear sinusoidal AF structure (Tpg < T < Tx), the latter being com-
patible with the absence of electric polarization. Furthermore, the symmetry
at the multiferroic phase below Trg was unclear.

Rodriguez-Velamazan [123] did SNP experiments in (NHy)2FeCls-H2O
under an applied electric field (E), to explore the possibility of controlling
the hand of the cycloidal magnetic domains, and therefore, the electric polar-
ities. These experiments allowed the determination of the absolute magnetic
configuration and domain population of this system, under different applied
external fields E. In fact, for this compound, the term 15}’;6 gave the informa-
tion about the domain population. The experiment showed that the system
is completely switchable, which represents a direct evidence of its magneto-
electric coupling. Moreover, SNP data were used to refine the previously
proposed magnetic structure of the ground state (I' < Trg), obtaining a
more accurate magnetic structure model. In fact the group P11’(a/37)0s is
the only compatible symmetry with the measured polarization tensor ]Sfi.
Finally, the existence of a collinear sinusoidal magnetic phase with moments
parallel to the @ axis in the temperature region Trg < T < T was con-
firmed by the sign of the term 15}/5’ , which is negative.

Elucidating the magnetic order in GdB,4

The family of compounds RB,4 attracted a huge interest in the past for
their interesting physical properties (LRO, mixed valence, heavy fermion
behavior, etc...). For example, the presence of magneto-electric coupling
in GdB4 was proposed, assuming that the inversion center was combined
with the time reversal operation and a zero propagation vector K =0 with
AF behavior [124, 125]. Also, in resonant X-ray scattering experiments at
the Gd-L3 edge some interference between magnetic and anisotropic charge
contributions was observed, which was compatible with several magnetic
models for GdBy4 [126]. Blanco et al., in an elegant and easy way, shed
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light on these questions by using SNP [127]. In the next paragraphs this
instructive example will be summarized.

This compound crystallizes in the tetragonal space group P4/mbm, in
which 4 Gd ions occupy the Wyckoff position 4g with point symmetry m2m,
whereas the 16 B atoms are in 4e, 85 and 4h. From macroscopic measure-
ments (Heat Capacity, Magnetic Susceptibility, etc..) it was well known
that the system ordered AF below Ty < 42 K and that all the magnetic
moments resided on the ab-plane. The resonant X-ray experiments did not
discern between collinear or non-collinear arrangements of the magnetic mo-
ments [128], but electrical resistance experiments seemed to indicate some
non-collinear model [129]. Despite all these experimental findings, the mag-
netic structure was not determined with neutron scattering because of the
strong absorption of both B and Gd natural especies. However, Blanco
et al. grew a ''B enriched single crystal to undertake SNP experiments,
at very short wavelength in order to minimize the absorption effects, and
to find out the magnetic structure unambiguously [127]. At low tempera-
ture, they found a propagation vector K = 0 and measured the polarization
tensors P for different set of reflections (h0l and hk0), finding that the off-
diagonal terms were null within the experimental error. Another significant
feature was the non observation of scattering for the lines hh0 and hhO (i.e.
pff ~ p}yzy ~ Pj’f ~ 1.0), which was only compatible with a non-collinear
model of AF pairs parallel to the [110] and [110] directions. The complete
analysis of all the polarization tensors, using the magnetic symmetry models
derived from the space group P4/mbm with K= 0, gave unequivocally the
Shubnikov group P4/m/b'm’, with a Gd magnetic moment equal to 7.14(17)
uB, as model for the magnetic order in GdBy.

1.10 Small Angle Neutron Scattering in Magnetism

Small Angle Neutron Scattering (SANS) is a widely employed technique for
microstructure determinations in several disciplines, such as materials sci-
ence, physics, chemistry, biology, etc... The reason is that SANS is one of the
few experimental methods available to probe mesoscopic length-scales in the
real space (from 1-300 nm) and in bulk materials. In addition, the spin of
the neutron confers to the SANS the possibility to study magnetic phenom-
ena and materials in the nano and mesoscopic scales with high sensitivity.
SANS is often utilized complementarily to other magnetic image and sur-
face techniques like, Lorentz Transmission Electron Microscopy, Magnetic or
Atomic Force Microscopy, Kerr Effect Magnetization, Scanning Tunneling
Microscopy with spin polarization, etc...

Magnetic SANS techniques are employed to study different magnetic
materials: magnetic nanoparticles, magnetic steels, hard and soft magnets,
magnetic oxides, ferrofluids, metallic alloys, magnetic skyrmions, chiral soli-
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tons and helical order in non centro-symmetric magnets, vortex in type II
superconductors, etc.... In a recent review [130], detailed information on the
applications of magnetic SANS in magnetic materials can be found. In this
section only several examples, related to magnetic textures, will be explained
in more detail. Additionally, in the previous chapter, other examples related
to the use of SANS to study magnetic materials have been described.

The expressions governing the SANS cross sections for unpolarized or
polarized neutrons are basically the Blume-Malayev equations (1.168) and
(1.169) introduced in the previous sections and adapted to the common
SANS configurations (B || k; or B L k;). In Figure 1.5 these configurations
are schematized for typical experiments on skyrmion lattice studies.

In addition, the discrete nature of the matter has no relevance for the
length-scales accessible with SANS and therefore the magnetization on each
atom M, is replaced by a continuous vector field M(7). The magnetic
SANS signal will reflect the variation of the magnetization, in modulus and
orientation, at the nano-scale length. Then the Magnetic Structure Factor
vector (M ({)) employed in SANS is the Fourier Transform of the field M (7).
In a similar way, the scalar Nuclear Structure Factor (N(q)) is defined by
using a scattering length density b(") instead of the atomic b,. Therefore
we get:

—

M(7) = / d*r M(F) e 12707, (1.188)

N(7) = / d3r b(F) e™12mIT (1.189)

The sample scattering volume appears at SANS cross sections via a
constant K = V~1p?, where p was defined in section 1.2.5.

In the next subsection an example related to vortex matter will be pre-
sented in order to illustrate the power of the magnetic SANS.

Stroboscopic SANS experiments on skyrmionic lattices (SKL)

Skyrmion textures, which are topologically protected nanometric vortex-like
magnetic objects, that have been discovered in cubic magnets without in-
version symmetry (MnSi [131], Fe;_,Co,Si [132], FeGe [133], Cuzy0SeO3
[134, 135]), were theoretically predicted a long time ago by the Bogdanov
seminal studies [136, 137]. However, the stability of the skyrmion lattices
(SKL) has been studied only in a limited way, mostly concerning with ra-
dial or elliptic stability [136, 138]. Hence, solitonic configurations that are
considered stable or metastable may actually be unstable due to some mode
that is non homogeneous along the magnetic field direction. Closely related
to the stability analysis is the idea that some metastable state may become
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Figure 1.5: Scheme showing the typical SANS configurations to observe the
Skyrmion Lattice (A) and the Conical Phase (B) in cubic chiral helimagnets.
Blue (A) and red (B) spots are observed at the neutron detector related,
respectively, with the hexagonal packing of the SKL and the Conical phase
with propagation vector parallel to the field (B || K)

the equilibrium state by virtue of the thermal fluctuations. These two re-
lated problems, the stability of stationary points and the effect of thermal
fluctuations at relatively low temperatures, are addressed in Ref. [139] and,
as a result, it is shown that the low T phase diagram B — T contains an
unexpected new SKL phase.

Nakajima et al. [140, 141] by using stroboscopic SANS measurements
in single crystals of MnSi at the time-of-flight instrument TATKAN located
at the Spallation Neutron Source (MLF) in Japan, explored the low tem-
perature region of the phase diagram. By appropriately synchronizing the
neutron and electrical current pulses (which are employed to create temper-
ature ramps in the sample) with the neutron 2D-detector, it is possible to
study the time evolution of SANS patterns with a resolution of 30 ms. The
employed set-up allowed to cool down the sample temperature with a rate
of 100 K s~1.

The skyrmion lattices are usually visible in SANS experiments under
the configuration for which the magnetic field is parallel to the incoming
neutron beam (B || k;). This is schematized in Figure 1.5 A) and show
the six-fold typical pattern of an hexagonal lattice. However, the two spots
defining the conical state are observed when the propagation vector of the
helix, which is often parallel to the magnetic field, is perpendicular to the
beam (B || K L k;). See Figure 1.5 B). When the SKL is observed in B | k;
no signal appears in B L EZ and reciprocally for the conical state. The
crystal studied by Nakajima et al. was aligned with its (0 0 1) axis parallel
to the horizontal magnetic field and the (1 1 0) in the vertical.

Nakajima et al. explored the phase diagram by doing measurements in
equilibrium and also by doing fast quenching from the paramagnetic state,
passing through the A-phase, to the low T region. At some values in the
T — B plane SANS data were also collected. Metastable SKL states were
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captured at low T, in agreement with [139] and also a magnetic phase transi-
tion from triangular to square SKL was identified with decreasing magnetic
field at low temperatures.

1.11 Magnetic Inelastic Scattering

The previous sections have been dedicated to describing different applica-
tions of neutron scattering based on the measurement of the nuclear or the
magnetic elastic coherent part of the double differential cross sections, i.e.
the incoming neutron exchanges momentum with the sample but it does not
exchange its energy. However, there are also nuclear and magnetic inelastic
coherent parts, which are very small but which wear very important infor-
mation about the collective excitations of atomic or magnetic origin (e.g.
phonons, spin-waves, etc...).

In magnetically ordered systems, each magnetic moment deviates from
its equilibrium position along a particular direction. However, these de-
viations cannot be arbitrary because the magnetic moments are coupled.
Basically it produces collective coherent deviations, also called spin-waves
(see section 1.3.2). As illustrated in section 1.3.2, by using the second quan-
tization picture it is possible to obtain the single quantum (the magnon),
and its energy F(q) (dispersion relations), where ¢ is a vector of the Bril-
louin Zone that labels each magnon. By using linear approximations, valid
when the deviations with respect to the magnetic moment are small, (low
temperatures and/or large enough magnetic moment), it is easy to demon-
strate that F(q) is related to the Fourier transform of the magnetic exchange
interaction constants J; 4, between the different magnetic atoms dy, at dif-
ferent lattices [. The number of branches, acoustic or optic, depends on the
number of independent magnetic atoms in the unit cell and their degeneracy
is related to the multiplicity of each magnetic orbit.

It has been found that this formalism is also appropriate to reasonably
describe the spin-waves in 3d transition-metal magnets. In AF materials it is
found that the dispersion relations are linear in ¢ for small ¢ and, depending
on the ion anisotropies, several gaps are opened at ¢ = 0.

On the other hand, the spin-wave dispersion relations are considered as
the finger-print to understand the superconductivity. For example, in related
materials like the pnictides and chalcogenides it seems that there exist some
recognizable pattern in the next nearest neighbors magnetic interactions
even if the first neighbors interactions are completely different.

Moreover, when the crystal field produced by electrostatic interactions
with surrounding atoms is predominant, the energy levels of a magnetic
atom are minimally dispersive. In these cases, it is possible to use inelastic
neutron scattering to determine those energy levels assuming that they are
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accessible by magnetic dipolar transitions'

An intermediate case, between isolated magnetic centers and extended
magnets, happens for magnetic clusters formed by several atoms magneti-
cally coupled inside of a molecule (e.g. SMM, metallo-proteines, phthalocia-
nines, etc...). These objects can be prepared in a highly controlled manner,
via chemical routes, and often they allow the study of new magnetic quan-
tum phenomena.

The next two examples will illustrate how to determine the hierarchy
between different magnetic interaction constants in the family AsFeX5-HoO
(A=K, Rb, X=Cl, Br) and how to determine the parameters in the spin
Hamiltonian in SMM (e.g. Mnjs-acetate and Feg). Both systems have been
described in preceding sections.

Understanding magnetic interactions in KyFeCl;-D,O

The aim of this example is to go a step further in the understanding of
the magnetic interaction mechanisms in this series of compounds by de-
termining the magnetic coupling constants [142]. The analysis of the five
magnetic coupling constants, particularly the comparison between magnetic
interactions including and not including oxygen atoms in the super-exchange
pathways, contribute to the understanding of the relative importance of two
influential factors on the strength of the magnetic interaction: i) the spin
population on the ligand atoms (see the example in the section 1.8) and ii)
the distances between the two ligand atoms in the magnetic super-exchange
pathways transmitting the magnetic interaction.

Therefore, in this example, after determining all the possible magnetic
interactions from an analysis of the nuclear structure, previously determined
by using single crystal neutron diffraction experiments, which allowed us to
locate accurately the position of the oxygen and the hydrogen atoms, the
study of the magnetic coupling constants determined by inelastic triple axis
neutron spectroscopy (TAS) are reported.

The unit cell of KoFeX5-D5O has been described in section 1.6.2. In this
structure there are five possible magnetic interactions between an iron ion
and its first shell of neighbour Fe ions. Figure 1.6 A) represents the unit cell
of KoFeCl;-D2O, whereas Figure 1.6 B) shows a scheme of the five magnetic
interactions projected on the ac-plane together with the magnetic structure.

The inelastic neutron scattering experiment was performed on the three-
axis spectrometer IN12 at the ILL. In order to determine the magnon dis-
persion curves, constant-¢ scans along the (0 1 ¢), (0 1+ ¢ 0), (0 % <),
(01+4+¢¢),(001+¢) and (¢ 0 1) directions were performed at 1.6 K, tem-
perature much lower than the Néel temperature of 14.06 K. The measured
directions in the reciprocal space were selected in order to have a correct
description of the first Brillouin Zone (BZ). See Figure 1.6 C).

MAMg = +1
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Figure 1.6: A) Structure of KyFeCls-D2O. The potassium atoms have been
omitted for clarity. The halogen labels are represented in all the octahedra
together with the label for the 4 iron ions: Fel(z,y,z), FeQ(% + z, %,% -
z), Fe3(% — x, %,% + z), Fed(—x, %,—z). B) Scheme of the five magnetic
interactions projected on the ac-plane. Thick lines represent interactions
connecting a Fe ion with two other Fe ions, one with y + % and the other
with y— % The magnetic structure is also shown. Orange circles correspond
to Fe ions with y = i whereas pink circles y = %. C) High symmetry points
of the first BZ together with the different directions that have been measured
(thick lines). D) Experimental points measured for each direction of high
symmetry at the BZ. The red line is the fit of te points to a linear spin-wave
model including uniaxial and rhombic anisotropies.

A gap in the energy is observed in the low energy magnon branch at the
center of the zone (I'). Moreover, an additional feature in the dispersion
curves is that this energy gap appears to be split in the different Brillouin
zones, around 0.38 meV and 0.58 meV in the (0 1 0) and the (0 0 1) zones
respectively. This different gap can be observed in Figure 1.6 D) indicated
with green arrows. Therefore, a model with a rhombic magnetic anisotropy
term is needed in order to correctly fit the different gaps. The Hamiltonian
which includes this rhombic magnetic anisotropy is:

H=- Z Tidm v, Mgy, - Mg — Z O Ad My,
LU o ldm
T (1.190)
o Z Edm [ (Rﬂl"[‘dm)2 - (Rﬂilydm)2 ] :
I

The magnetic exchange coupling constants obtained, after fitting all the ex-
perimental dispersion curves to the relation E(q) derived from Hamiltonian
expressed in the equation (1.190), are J; = —0.113(3), Jo = —0.037(1),
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J3 = —0.032(3), Jy = —0.023(2), J5 = —0.025(2) meV. The values of the
variable Ay and E;_ were 0.073 meV and 0.0072 meV respectively, which
gives an axial anisotropy D = 0.0146 meV. The experimental and fitted
dispersion curves are depicted in Figure 1.6 D).

The results of this study can be related to other studies of several mag-
netic phenomena of this AF series: i) The energy gap at the I' point in the
magnon dispersion curves is in good agreement with the energy gap cal-
culated from an analysis of the boundaries of the magnetic phase diagram
[41]. ii) The physical interpretation of the two different energy gaps at the I'
point implies that the hardest magnetic axis is the b-axis. The same conclu-
sion is deduced from the magnetic structure in the spin-flop phase in which
the magnetic moments are collinear to the c-axis [47]. iii) The magnetic
structures determined from the values of the magnetic coupling constants
correspond to the experimental magnetic structure. iv) Estimation of the
Neel temperatures using a mean field approach results in values close to the
experimental ones. v) The values of the magnetic interactions also explain
the magnetic dimensionality crossover observed in the heat capacity and
magnetic measurements [40].

Neutron spectroscopy in magnetic molecular clusters

The interest of SMM, like Mn1,-acetate, has already been introduced in sub-
section 1.7. In these materials, the knowledge of the magnetic anisotropy of
the clusters, which is assumed to be much smaller than the exchange energy,
is central to understanding how the quantum tunneling of the magnetization
(QTM) can occur. With uniaxial anisotropy, the energy levels of a cluster
depend on the orientation of the spin S relative to its anisotropy axis. How-
ever, for QTM to be allowed, the rotational symmetry about the z axis
must be broken by small high-order spin terms. The general Hamiltonian
in expression (1.191), where quadratic and quartic terms in S are included,
describes appropriately the energy levels in Mnjs-acetate and Feg SMM:

1
H=DI[S? - 3908+ 1)] + E[S2 — S| + B{O} + B{O} + Bj0O; (1.191)
where the operators Q, 0% and Q} are defined as:
0§ =351 —[305(S +1) — 25]S? — 65(S + 1) + 35%(S + 1)?
0% = 7 {[782 — S(5 + 1) —5](8% +52) + (8% +52)[782 ~ 5(S +1) - 5]}
1
0j =5 (8% +81)

Thus, to validate the different theories of QTM, the knowledge of the transver-
sal anisotropy parameters (BY, B, B}) in the spin Hamiltonian is very im-
portant, whose precise determination requires a suitable experimental tech-
nique. The advantage of Inelastic Neutron Scattering over other techniques,
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like High Field Electron Paramagnetic Resonance (EPR), is that it is not
necessary to perturb the system by applying a magnetic field and it can give
a detailed picture of the scheme levels from a straightforward analysis.

The cluster [FesO(OH)12(tacn)g)®t (in short Feg) is a molecule formed
by 8 Fe3t ions in a planar butterfly geometry giving a S = 10 due to the
AF coupling between the Fe ions. Cacciuffo et al. employed INS techniques
in non-deuterated powder of Feg at low temperatures (1 < 7' < 10 K) at
the Time of Flight spectrometer IN5 of ILL working with a resolution of
19 peV with the aim to determine the different parameters defining the
spin-Hamiltonian of this cluster [143].

The ground level, |S = 10; M = +10), is the only one populated at the
lowest temperature. As the temperature increases, other levels start to be
populated, being the next one the |S =10; M = £+9). The uniaxial and
rhombic anisotropy parameters (D, E) mainly control the energy distance
between the lowest levels whereas the other parameters (BY, B3, Bj) are
involved in some mixing of the upper energy levels (|S; M) with |M| < 6)
less distant among them. Usually these levels are populated at the highest
temperatures. In fact, the position of the peaks at the energy transfer axis
gives directly the eigenvalues of the Hamiltonian (1.191) (which depends on
the parameters) whereas the intensity of the peaks is related to the wave
function of the eigenvectors. Therefore, in principle, it is possible to obtain
the values of the parameters by fitting the peaks positions.

Cacciuffo et al. found D = —25.2(2)pueV and E = —4.02(3)ueV and
to fit correctly all the measured peaks it was needed to include the quartic
terms of the Hamiltonian giving the values B} = 0.87(6)10~%ueV, B? =
0.1(1)10~*peV and Bf = 7.4(6)10~*ueV. These values produced an en-
ergy barrier A/kp = 32.8(1) K slightly higher than the one reported from
ac susceptibility experiments and demonstrated the importance of the @3
operator, which is related to the transverse anisotropy, in the tunneling
processes.

In Mnio-acetate, Mirebeau et al. also measured the energy levels by
using the INS techniques [144]. Their main result was the precise determi-
nation of the coefficient Bfll in the non diagonal transverse term (in Mnjs
the tetragonal symmetry does not allow the presence of the term Q2 in the
Hamiltonian). The presence of the O} term was searched for by many ex-
perimentalists, since only components that do not commute with .S, could
induce tunneling with AM = £4, as observed experimentally in the mag-
netization experiments.

In the 2000’s the extrinsic interactions, arising from disorder, were pro-
posed as the dominant sources of QTM in Mnjs nanomagnets [145]. How-
ever, Carbonera et al. presented a detailed study of the effects that crys-
talline disorder has on the QTM of Mnys-benzoate SMM. The authors were
able to isolate the influence of long-range crystalline disorder thanks to the
absence of interstitial molecules in the crystal structure of this molecular
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compound. For this, they compared inelastic neutron scattering results ob-
tained at IN5 under two extreme situations: a crystalline sample and a
nearly amorphous material. Results showed that crystalline disorder weakly
affects the anisotropy and other parameters in the spin Hamiltonian, and
therefore has a little effect on the quantum tunnelling of these materials. It
follows that disorder is not a necessary ingredient for the existence of QTM
[146].

1.12 Other Neutron Scattering Techniques

This section is intended to briefly explain other neutron scattering tech-
niques that are increasingly being employed to solve problems in magnetism.
They give access to the very small energy transfers and therefore allows the
study of slow dynamics. An example on the use of neutron reflectometry
technique to characterize magnetic surfaces will be also illustrated.

1.12.1 Quasielastic Neutron Scattering

In the previous sections it has been explained that the Scattering Law can
be split in coherent and incoherent parts. The first one is related to the
correlations in time and in space of pair of scatterers whereas the second
is about self correlations of scatterers. It means that the coherent part
is related to the structure (elastic) and the collective movements or exci-
tations (inelastic). However, the incoherent part gives information about
the individual dynamics of nuclei (vibrations, rotations or translations) and
magnetic moments.

Due to the large incoherent cross section of hydrogen, compared with
other isotopes, the scattering cross sections measured in hydrogenated sam-
ples are dominated by the incoherent part and therefore neutron scattering
techniques are ideal to characterize the individual movements of hydrogen
in these samples. When the movement can be decoupled in vibrations, ro-
tations and translations then it is possible gain access to the quasi-elastic
scattering function whose width is related to the characteristic times of the
movements in the range 10710 to 107! seconds. The intensity of the elastic
part of this incoherent signal gives information about the geometry of the
movements. More detailed information on quasi-elastic neutron scattering
can be found in [147]. Here a simple example on the use of these techniques,
involving magnetic molecules, will be commented.

Rodriguez-Velamazan et. al [148] applied quasi-elastic neutron scat-
tering techniques, together with solid state 2H-NMR, to characterize, as a
function of temperature, the rotational movement of the pyrazine rings in
the spin crossover molecular compound {Fe(pyrazine)[Pt(CN)4]}. In this
compound, the Fe ion can switch between high and low spin states at tem-
peratures ~285 K and ~309 K for decreasing or increasing the temperature



1 Neutron Scattering Techniques in Magnetism 79

respectively. The structural studies at low temperatures, in the low spin
state, showed some anomalous elongation at the Debye-Wallers factors at
the hydrogen atoms of the pyrazine rings. This fact could be an indication
of some structural or dynamical disorder present in the materials. In this
sense, quasi-elastic neutron scattering techniques can help to elucidate the
origen of the disorder.

They demonstrate experimentally that the bistability between rotation
and blocking of the pyrazine rings connecting the Fe ions arranged in differ-
ent planes is accompanied with the change between high and low spin state.
The rotation in the high spin state is described as a 4-fold jump motion
about the nitrogen axis coordinated with the Fe ion. In the low spin state,
the rotation is suppressed. They also observed that when benzene molecules
are incorporated in the system the pyrazine movements are restricted.

1.12.2 Neutron Spin Echo Techniques

In 1972 F. Mezei published his pioneering work establishing the grounds for
the Neutron Spin Echo techniques [149]. The very basic idea behind these
techniques is the Larmor precession of the polarization of the neutron beam
when neutrons travel along a distance L with an uniform magnetic field per-
pendicular to the polarization. If the neutron travels again through a second
region with the same length L but with opposite magnetic field, then the de-
phasing precession angle turned in the first region is deturned in the second
one, giving a zero total dephasing precession angle. However, if a sample
is put in between both opposite magnetic field regions, some neutrons will
exchange energy with the sample and therefore will change their velocities
before entering the second region producing a different dephasing precession
angle. As a result, the sample could produce an easily measurable non zero
dephasing angle for all neutrons.

It can be easily demonstrated that these techniques allow to measure
directly the Intermediate scattering function 1(q,t), defined in Eq. (1.58),
which measures the time correlations of the sample. Typically, the acces-
sible time ranges go from picoseconds to microseconds, which correspond
to hundredths of peV to several neV energy exchanges within the sample.
Moreover, the energy transfer can be determined with very high precision
(107°) without using severe conditions at the monochromator. Detailed
descriptions of these techniques can be found in [150, 151].

In the previous paragraphs we assumed that the neutron spin does not
change in the scattering process, which is true for non-magnetic nuclear
interaction. When applying these ideas to magnetic materials, where the
magnetic interactions can change the polarization state, we need to consider
the magnetic field that the neutrons will feel when traveling through the
sample, which is basically the magnetic interaction vector M 1q- It is also
necessary to bear in mind how to control the effects of beam depolarization
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by the different magnetic domain distributions.

The next example will illustrate one of the most employed applications
of NSE in magnetism, which is the measurement of relaxation times in spin
glasses. In fact, the time correlations of the magnetization close to the
glassy transition (7j) has been the object of discussions and controversy
over the last few decades. This has often been characterized by a stretched
exponential function ~ exp{—(t/7)%}, but when self similarity (i.e. fractal
behaviour) occurs this function does not describe adequately the structural
or magnetic relaxation. Then a modified function, which phenomenologi-
cally describes the Monte Carlo calculations by incorporating a power law,
q(t) = (S;(0)S;(t)) o< t~®exp{—(t/7)P}, is employed. The implications of
such a non-exponential function opens the necessity of to think about global
models that may lead to hierarchical relaxation. In this context Weron,
[152] proposed a generalized function, ¢(t) = {1+ k(t/7)?} =1/ where k is
a parameter accounting for effective interactions and £ is related to the self
similarity concept, that can be adapted easily to spin glass dynamics and,
in the limit £ — 0, reduces to the exponential function.

The validity of the model based in the generalized relaxation function
was investigated in the archetypal metallic spin glasses Cuj_,Mn, (z=0.1,
0.16, 0.35) and Au;_,Fe, (z=0.14) with Neutron Spin Echo experiments in
[153] accessing to time scales from 0.002 to 1 ns . The authors measured the
intermediate function (I(q,t)) at several temperatures and g values. All the
spectra were independent of ¢ and well described with the Weron function
with consistent physically meaning parameters, for both samples. In turn,
the k parameters obtained from the fits to the Weron function are related
to the sub-extensivity parameter ¢ of models with non extensive entropy for
complex and multifractal systems giving a § ~ 5/3 parameter at the spin
glass transition temperature Ty. It seems that the spin glass system evolves
from an extensive Boltzmann-Gibbs thermodynamics at high temperatures
to a sub-extensive dynamics at Tj.

1.12.3 Neutron Reflectivity

Since the pioneering work of Felcher et al. in the early 1980s [154] about
the neutron reflectivity grounds, these techniques have reached a mature
state and nowadays neutron reflectometers are fundamental instruments in
all types of neutron sources, pulsed and steady state sources. Due to their
great power, these techniques are applied to the study and characterization
of a wide range of phenomena and materials, mainly in soft matter and
nanomagnetism areas. In fact, there are scientific topics in nanomagnetism
that can only be addressed with neutron reflectivity; e.g. magnetization
depth profiling, magnetic structures in multilayers and heterostructures, in-
terdiffusion, magnetic domains, magnetic nanoparticles, study of patterned
nanostructures, etc... In this section we will focus only on some applications
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of these techniques in thin films. For a more extended review we refer to
the nice chapter of Toperverg and Zabel in [155].

X-ray reflection by matter can be understood by means of the refractive
index of the matter for X-rays photons. In electromagnetism theory the
refractive index is related directly to the electron density of the material,
which is at the origin of the interaction potential of the X-ray scattering, and
the wavelength of the X-ray photons. The fact that this refractive index is
less than unity imply that there exits a critical incidence angle below which
there is total reflectivity. For larger angles, the X-rays partially penetrate
the surface.

For neutron reflectivity the idea is similar. A refractive index for neu-
trons, related to the scattering length density, which is involved in the
neutron-nuclei interaction, and with the magnetic moments distribution in
the sample, also involved in the magnetic interaction with the neutron spin,
can be built. However, the magnetic part of the refraction index can change
its sign depending on the relative orientation of the magnetic moments of
the material with the neutron beam polarization.

After the discovery of Giant Magneto Resistance effect, the neutron re-
flectivity techniques have been widely employed to study interlayer AF ex-
change coupling in magnetic superlattices, which are the base of different
spintronic devices. Usually these multilayers are characterized from mag-
netic hysteresis measurements done with MOKE, SQUID, or VSM mag-
netometry experiments. However, these macroscopic characterization tech-
niques do not unveil the angle between adjacent ferromagnetic layers nor the
magnetic correlation in the perpendicular direction or the domain size dis-
tributions. These parameters are at the origin of poor transport properties
in these systems and can be understood after Polarized Neutron Reflectivity
(PNR) experiments [156].

As a pioneer work, V. Lauter et al. [157] studied with PNR techniques
the archetypical Fe/Cr multilayers, which have a strong AF interlayer ex-
change coupling and in-plane uniaxial anisotropy, to shed light on the role of
the different ingredients, such as, spin configurations in the flopped phase,
role of the anisotropy, border effects, etc...

These authors determined unambiguously the magnetic structure of each
ferromagnetic layer n (with 1 < n < 12) in [*"Fe(67 A)/Cr(9 A)]12, at the
spin-flop phase by applying a magnetic field along the the easy axis. The
magnetic structure broke down into lateral domains, with a mean size of
2800 A, deviated each one an angle +¢,, respect the magnetic field direction.
The sequence of angle deviations along each layer n fulfils +¢, = Fo13-n
and the angle at the end layers +¢1 = F¢12 = £40° is smaller than in
the interior layers +¢g = F¢7 = £63°, which is related to the fact that
in the end layers there is one missing neighbor. The canting angle in the
interior reaches the value of the canting angle in the bulk sample for the
same magnetic field. The resulting configuration has no net perpendicular
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component to the magnetic field and, therefore, it is stable. The splitting
into lateral domains at each layer is interpreted as a minimization of the
dipolar energy via demagnetization at each individual layer.

1.13 Conclusions

In this chapter, we showed the fundamentals of neutron scattering and dis-
cussed some contributions of neutron scattering to solve a huge variety of
problems in the field of magnetism. After more than seventy years from the
first neutron scattering experiment, these techniques are widely employed
to characterize magnetic materials together with other complementary tech-
niques. Moreover, after this long history, with new neutron sources, and in
particular pulsed sources, one can expect that these techniques will experi-
ence a substantial improvement with the availability of higher neutron fluxes
and lower backgrounds. The use of new optical systems, faster detectors,
new techniques exploiting new physical phenomena, will allow all together
the use of smaller samples, to design new experiments, or to do faster in
operando experiments, etc...

In the majority of the neutron sources, the experiments related to mag-
netism are the most demanded by the scientist and often the diffraction
techniques (powder, single crystal and small angle) are the most requested
with the goal to determine the evolution of some magnetic structure as a
function of one or several parameters (temperature, magnetic field, pressure,
concentration, etc...).
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